Temperature and Stress Analysis during Tank Decanting and Refilling Process by Liu, Zhe
University of Nebraska - Lincoln
DigitalCommons@University of Nebraska - Lincoln
Engineering Mechanics Dissertations & Theses Mechanical & Materials Engineering, Departmentof
5-2018
Temperature and Stress Analysis during Tank
Decanting and Refilling Process
Zhe Liu
University of Nebraska-Lincoln, zhe@huskers.unl.edu
Follow this and additional works at: https://digitalcommons.unl.edu/engmechdiss
Part of the Heat Transfer, Combustion Commons
This Article is brought to you for free and open access by the Mechanical & Materials Engineering, Department of at DigitalCommons@University of
Nebraska - Lincoln. It has been accepted for inclusion in Engineering Mechanics Dissertations & Theses by an authorized administrator of
DigitalCommons@University of Nebraska - Lincoln.
Liu, Zhe, "Temperature and Stress Analysis during Tank Decanting and Refilling Process" (2018). Engineering Mechanics Dissertations
& Theses. 44.
https://digitalcommons.unl.edu/engmechdiss/44
  
TEMPERATURE AND STRESS ANALYSIS DURING 
TANK DECANTING AND REFILLING PROCESSES  
 
By 
 
Zhe Liu 
 
A THESIS 
 
Presented to the Faculty of 
The Graduate College at the University of Nebraska 
In Partial Fulfillment of Requirements 
For the Degree of Master of Science 
 
Major: Mechanical Engineering and Applied Mechanics 
 
Under the Supervision of Professor Kevin D. Cole 
 
Lincoln, Nebraska 
 
May, 2018 
 
  
TEMPERATURE AND STRESS ANALYSIS DURING TANK 
DECANTING AND REFILLING PROCESSES  
Zhe Liu, M.S. 
University of Nebraska, 2018 
Advisor: Kevin D. Cole 
In the present work, an analytical expression for the temperature distribution of the cross-section 
of a natural gas transport tank is derived by time-matching Green’s Function method. The tank 
decanting process can produce a living temperature decrease inside the tank wall while the filling 
process can produce a large temperature increase. This behavior can cause damage to the inner 
layer of the tank. The damage occurs in the form of excessive stress in the wall which is 
combined mechanical stress and thermal stress.  Therefore, thermo-elasticity analysis is another 
objective of the present work. A simplified mechanical model is established in the present work 
and the thermo-elastic stress analysis is undertaken for both decanting process and filling process.  
In order to verify the analytical solution, an FEM model by ABAQUS is included.  
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NOMENCLATURE 
 
 
Symbols                                      Description 
 
A     Area (m2)  
Bi    Biot Number 
C    Perimeter(m) 
cp     Specific Heat (J/g°C or J/kg K)  
D     Diameter (m) 
E    Young’s Modulus  
h     Enthalpy (J); Heat Transfer Coefficient (W/(m2K)) 
k     Thermal Conductivity (W/m K)  
L     Length (m)  
m     Mass (kg)  
?̇?    Mass Flow Rate (kg/sec)  
P     Pressure (Pa)  
r     Radius (m)  
t    Time(sec); Thickness(m) 
T     Fluid Temperature (°C)  
Tw     Wall/Surface Temperature (°C)  
u     Velocity (m/s)  
V     Volume (m3)  
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Greek Symbols  
α    Thermal diffusivity(m2/s); Coefficient of thermal expansion 
β    Eigenvalue 
ϒ     Specific Heat Ratio  
ε    Strain 
ρ     Density (kg/m3)  
σ    Stress (MPa) 
Δ𝜏     Time step (sec)  
𝜏     Time (sec) 
ν    Poisson ratio 
 
Subscript  
1    Circumferential direction 
2    Longitudinal direction  
l    Liner 
m    Number of eigenvalue 
s    Structure 
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CHAPTER 01  INTRODUCTION 
 
 
The transportation of natural gas is always one of the most essential problems for all relative 
study fields. Natural gas is mostly held in inventory underground under pressure. Methane's 
critical point of boiling is -161.7°C under the atmospheric pressure. This will make methane hard 
to liquefy since we have to lower the gas temperature to a very low level to achieve the 
condensation. For the delivery nationwide or statewide, this kind of fossil fuel will be delivered in 
the form of gaseous by pipelines (underground) or tank (above the ground) commonly. 
For high pressure gas tank, there are many kinds of materials that can be used as the structure of 
the storage or delivery tank. In the current work, we choose carbon epoxy fiber composite 
according to the real material of Titan tank, a product of Lincoln Hexagon Company. The 
advantage of carbon fiber is the flexibility and the weight comparing with steel and other metallic 
material, as well as high endurance and low cost. However, carbon epoxy composite is not known 
as its leak-proof or corrosion resistance ability. Therefore, in Lincoln Hexagon Company, an 
extra layer is used right against to the inner surface of the carbon composite structure as a liner. 
The material of the leak-proof layer is high density polyethylene (HDPE). This kind of material is 
almost the most common polymer in nowadays. Due to its high ratio of strength to density, it is 
often used in the production of plastic bottle, corrosion-resistance piping, geomembranes, and cell 
liners. In the application of liner, large sheets of HDPE are either extrusion or wedge welded to 
form a homogeneous chemical-resistant barrier, with the intention of preventing the inner gas 
from polluting the structure wall or leaking out of the system. So, it is easy for us to expect that if 
13 
 
 
 
the liner is damaged, the tank will be in failure. For tank liner failure, there are anecdotal 
occurrences due to high normal stress caused by the high pressure, unexpected shear stress caused 
by sudden environmental quake, or extreme high or low temperature environment inside the tank, 
or even the combination of those reasons. 
The filling and emptying processes can produce a large variation in the gas-in-tank temperature 
which may endanger the polymer tank liner especially during cold-weather operation or over-hot 
environment, which may cause huge security issues. This problem is subjected to combined 
mechanical and thermal loads. When it relates to decanting process, the process will include 
decreasing pressure inside the tank. Due to ideal gas law or refined high pressure ideal gas law, 
for a closed system with constant volume, the fluid temperature is proportional to the fluid 
pressure. Therefore, the both of the temperature and pressure will drop dramatically during this 
process. In the revered process, the increasing pressure in the filling process will cause the fluid 
temperature increase as well. This variation in pressure load and temperature response will cause 
a great deal of fluctuation of stress in the wall of the container. In short, the liner will be under the 
circumstance of high thermal-elastic stress. 
In the present work, the releasing and filling process is investigated using analytical models and a 
tank composited with leak-proof liner made by high density polyethylene and structure layer 
made by carbon epoxy fiber is used. A basic model that can be used to study the effects of 
temperature and internal pressure on the stress distributions in the composite cylinders is 
presented. Green Function theory on heat conduction problem is applied to acquire the 
temperature distribution across the segment of liner. For stress and strain analysis, simple version 
thin wall theory is applied. The analytical solutions, in the end, will be verified by comparing 
with FEM solution obtained by a commercial software ABAQUS. 
14 
 
 
 
CHAPTER 02  LITERATURE REVIEW 
 
 
Cylinders subjected to pressure and temperature have been widely studied. An analytical solution 
for the displacement field of a linearly elastic, isotropic hollow cylinder exposed to uniform 
internal and external pressure was derived by French mathematician Gabriel Lame in 1831. The 
solution suggested by Lame is readily adapted for the application to shrink fit problems. Although 
Lame’s solution gives the full three-dimensional stress state of a pressurized cylinder, a 
conventional single-layer pressure vessel is not suited or enough for operation in extreme 
environments, which condition characterized by either high pressure or high temperature 
variation, or even combination thereof. Also, in real engineering problem, a multi-layer cylinder 
that has thermal insulation and corrosion protection on the outside may be used.  
For multi-layered cylinders, the mechanical response and thermo-elastic properties have been 
studied extensively due to their frequent application in industrial design. Thermal deformation of 
a pressure vessel layer can occur due to heat exchange with the external or internal environments, 
or they can appear as the result of the deformation of themselves when part of the mechanical 
energy transfers into heat. The dynamic thermo-elastic response of circular pressure vessel due to 
changes of pressure load is important for the security design of many advanced engineering 
structures. Because of the complexity of the governing equations and the mathematical 
difficulties associated with the solution, several simplifications have been applied. These 
difficulties are mostly attributed to the presence of the inertia and thermal mechanical coupling 
term in the governing equations. 
15 
 
 
 
Shi et al. [1] developed an analytical linear-elastic model for determining the stress distribution of 
a multilayered composite pressure vessel subjected to uniform pressures applying to the inner and 
outer surfaces. The interfacial pressure between two consecutive layers was calculated by a 
recursive algorithm. However, this paper doesn’t include the case that the inner pressure is 
changing with time. 
Zhang et al. [2] derived an analytical solution for determining the stress distribution of a 
multilayered composite pressure vessel subjected to an internal fluid pressure and a thermal load, 
based on thermo-elasticity theory. In the solution, a pseudo extrusion pressure was proposed to 
emulate the effect of the closed ends of the pressure vessel.  The idea of pseudo extrusion 
pressure was borrowed in this paper. 
Bahoum et al [3] presented a basic model that can be used to study the effects of temperature and 
internal pressure on the stress distributions and displacement fields in compound cylinders. The 
analytical model is based on the thick-wall cylinders theory.  The model of this research can be 
helpful while the wall thickness is different from the present work. What’s more, the pressure 
inside the tank is constant while the one in the present work is various with time. 
Vedeld et al [4] developed an analytical formulation for stress levels in the liner close to free 
boundaries, and interaction between axial and hoop stresses. This research showed that the 
strength of the metallurgical bond between the backing steel and the liner in a lined pipe may 
have an important influence. The metallurgical bond may be characterized by residual stresses in 
the liner and the friction coefficient between the inner surface of the backing steel and the outer 
surface of the liner. They compared the solution of displacement field for a radially unrestrained, 
simply supported cylinder with the one caused by changed contact pressure between liner and 
backing steel from applied axial force.  
16 
 
 
 
Another paper by Vedeld et al [5] developed an analytical solution for the displacement field and 
corresponding stress state in multi-layer cylinders subjected to pressure and thermal loading. 
Solutions are developed for axially loaded and spring-mounted cylinders, assuming that the 
combined multi-layer cross-section remains plane after deformation generalized plane strain. The 
calculation for displacement and corresponding stress can be useful while we need to take 
consider of the effect of the changing loads, temperature load and pressure load. 
Mechanical and Transient Hydrothermal loading of multilayer orthotropic cylinders [6], written by 
Newhouse, developed a method of solution for multi-layer, multi-material, orthotropic cylinder 
under static mechanical loading and transient hydrothermal loading. He used a unit displacement 
method to develop a method of solving for stresses, strain and displacement in multi-layered 
cylinders. In the present work, the mechanical properties of carbon epoxy composite are from this 
work. 
Sollund et al [7] derived two independent sets of analytical solutions for calculation of 
displacements and stresses in elastic multi-layer cylinders subjected to both pressure and thermal 
loading. They presented recursive solutions both for the case of uniform temperature in each 
cylinder layer and for the case of radially varying temperature in each cylinder layer. Both plane 
stress and plane strain conditions are considered. In addition, they derived a recursive solution of 
the heat equation for steady-state conditions.  The solution is obtained in steady state, but we still 
need to dig more into the case of transient conditions.  
Jane and Lee [8] developed a method based on the Laplace transformation and finite difference 
method to analyze the thermo-elasticity problem. They also derived the formations for the 
temperature and thermal stress distributions in a transient state. It was found that the temperature 
distribution, the displacement and the thermal stresses change slightly as time increases. This 
17 
 
 
 
research shows the derivation of transient solution. The method they used in the process of 
derivation contributed to the present work. 
Thermal load has a significant influence on the stress and displacement distribution of a multi-
layered composite pressure vessel. Most of the cylinders in industrial field are subjected to 
thermal loads produced by temperature variations in addition to mechanical loads. Because of the 
differences materials may be used for each layer, the coefficients of thermal expansion will also 
be different and this will cause different expanding or shrinking velocity.  
Thermal loading problem has been treated for a variety of conditions in multi-layered cylinders. 
A mathematical formulation to determine the steady state temperature field in a multi-layered 
plate under steady-state thermal load was presented by Haji-Sheikh et al [9]. In the study, they also 
gave numerical examples of two-layer bodies that included boundary conditions of the first, 
second, and third kind. The computations included the contribution of contact resistance to the 
temperature solution. But this research focused on steady state condition. In another similar study 
also by Haji-Sheikh et al [10] , Temperature solution in multi-dimensional multi-layer bodies, they 
widened the problem to all the conditions instead of steady state only. The calculation for multi-
layers temperature distribution inspired the present work. 
Uniform thermal stress was investigated by Akcay and Kaynak [11] and loading from steady-state 
temperature distributions has been studied extensively by Shao et al [12]. But they both failed to 
consider the transient load effect.  
Time dependent thermal stresses, both transient and cyclic, have been covered by Radu et al [13]. 
Chen and Liu [14] developed a boundary element method for analyzing a thin laminate structure 
under thermal. The idea they used to derive the solution is borrowed in the present work in 
another simulation model and input information. 
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The analytical temperature solution in this work is obtained based on the theory of Green’s 
Function Solution on heat conduction problems. There are many different methods to solve heat 
conduction problems, such as finite difference method, harmonic method, response coefficient 
method, Laplace’s method, and Z-transfer function. But in some way, they are not easy to use 
because calculating time is strongly limited by time step and mesh size, regular temperature 
change is required, accurate coefficients are needed, and analytical solution is not easy to get. 
Green’s function can also be a powerful tool to solve the problem if proper approximation to the 
solution is applied. A Green’s Function is a basic solution of a specific differential equation with 
homogenous conditions. For transient heat conduction, a Green’s Function describes the 
temperature distribution caused by an instantaneous, local heat pulse. 
Beck et al [15] used a finite series solution at small time to prepare a Green’s function solution. 
The study concluded that once the Green’s functions and Green’s function solution equation are 
known, one can produce temperature solution for different applications. As long as the time is 
finite, a produced series solution is also finite and the solution can be classified as exact. The 
method to apply the Green’s function theory is helpful for the present work and the arrange of 
Green’s function builds on a similar basement with this research. 
For the research of HDPE properties, Krishnaswamy et al [16] examined The effects of the 
placement of short-chain branches on crystallization kinetics, morphology and mechanical 
properties of high-density polyethylene by using bimodal blends of short and long polyethylene 
with SCB incorporated in either the high or the low molecular weight component. In the present 
work, we use the conclusion from this study to check whether the stress is cross the threshold of 
allowable stress or not. 
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CHAPTER 03  MATHEMATICAL FORMULATION 
 
 
3.1 DESCRIPTION OF THE MODEL 
 
 
The thermos-elastic analysis will be developed on a two-layered cylinder tank, with one outer 
layer of carbon epoxy composite as the structure and one inner layer of high density polyethylene 
(HDPE) as the liner. The function of the liner is to be the leak-proof layer. 
The geometry of the tank is shown in Figure 3-1. The length of the tank is 38.6m and the 
diameter of the cylinder tank is 1.08 m. The supply on the right can be a customer’s gas container 
or supply in the compressor station, depending on whether the process is decanting or filling. 
 
Figure 3-1 Schematic of the experiment tank geometry 
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The materials used for structure and liner are assumed to be isotropic and homogenous. When we 
do the thermo-elastic analysis, all the materials we used are assumed within their allowable limits. 
Material properties and applied loading condtions are axisymmetric in the model. Applied 
loading conditions include mechanical loading and transient thermal profiles. 
The mechanical analysis will be in cylindrical while the thermal analysis is in Cartesian 
coordinates since the length and the radius of the tank is large comparing with the thickness of the 
tank. The validation of this simplification is in Section 3.3.1. The deformation and movement 
inside the liner cross-section can be approximated as plane wall. Stress and strain will be 
calculated in each of the coordinate directions. We assume all these stresses and strains will not 
vary with axial or radial directions.  
The properties of the materials used in this work are assumed to be independent with temperature 
as the range of temperature variation in this work is within the limits where the material 
properties will not change too much to invalidate the results. The discussion is in Chapter 4.  
Carbon epoxy composite is, in general, not an isotropic and homogenous material. The Poisson 
Ratio of carbon fiber is different in different fiber directions. In this work, we assume the carbon 
fiber is isotropic and homogenous since the carbon fiber structure is not as important as HDPE 
liner and we will not analyze the thermal effect or temperature profiles of the carbon composite. 
Mechanical loads include internal pressure and external pressure. External pressure loads are 
considered to be as constant as atmospheric pressure. Internal pressure loads will be the function 
of time. For filling process, the pressure inside the tank keeps increasing. The thermal loads for 
filling process will be increasing as well since the pressure inside the tank rises. According to 
ideal gas law, we know for a constant volume container, the higher the pressure is, the higher the 
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temperature will be. For decanting process, the pressure inside the tank will be decreasing. The 
thermal loads, therefore, will become temperature drop. 
We assume the gas inside the tank will have no phase change during the decanting process. This 
assumption is valid since the experimental data for gas temperature is indeed higher than the 
condensation points of methane. Also, high density polyethylene will have brittle-ductile 
transition in a very low temperature environment. This transition will make its allowable limits 
change, which will make the work much more complex. In order to simplify the work, the 
assumption is made that no brittle-ductile transition will occur based on the fact that the lowest 
temperature in the simulation is still at least 10 K higher than the brittle-ductile transition 
temperature [18]. 
Before our analysis of the results, we need to be clear that all the calculations were carried out 
based on the assumption that the entire decanting velocity of the gas was stable and constant. We 
will address this assumption in Section 3.2. 
When the flow exiting from the tank is sonic, then the exit conditions can be treated as constant 
as sonic velocity. This kind of sonic flow is called choked-flow. We will close the valve 
whenever the flow is no longer the choked-flow to keep the mass flow rate for the whole process, 
no matter decanting or filling, as constant. 
No heat generation or shear stresses occur during each process.   
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3.2 COMPRESSIBLE FLOW THEORY 
 
 
First of all, we need to derive a theory for estimating mass flow from the pressure difference and 
from fluid properties. This estimation is necessary since mass flow rate is difficult to measure in 
the field, and generally pressure and temperature are available from field applications. In the 
present work, the mass flow is estimated by assuming isentropic nozzle flow through a valve 
from a stationary (zero velocity) upstream condition to the downstream minimum flow area. This 
is a maximum possible flow rate for a given flow area; the actual flow rate will be lower 
according to real-flow effects present in the fill line. The system is as in Figure 3-1.  
For tank filling, if we call the upstream or entrance condition as State-0, the minimum nozzle area 
state as State-1, and the state in the tank as State-2, we can estimate the flow rate using isentropic 
theory and neglecting the kinetic energy at State-0. From State-0 to State-2, we conserve 
momentum on the control volume to find State-2. Entropy increases for this process as the gas 
settles to zero velocity at State-2. 
The relations for isentropic expansion are given by [19] 
𝑇1
𝑇0
= (
𝑃1
𝑃0
)
(𝛾−1) 𝛾⁄
;     
𝜌1
𝜌0
= (
𝑃1
𝑃0
)
1 𝛾⁄
 
 
(3.1)  
where 𝛾 is the ratio of specific heats at constant pressure and constant volume, 
𝛾 =
𝑐𝑝
𝑐𝑣
 (3.2)  
Other relation we need to use: 
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Mass conservation: 
?̇? = ∫𝜌𝑣𝑛𝑑𝐴
𝐴
 (3.3)  
Energy balance: 
𝑐𝑝𝑇0 = 𝑐𝑝𝑇1 +
𝑣1
2
2
 (3.4)  
Ideal Gas Law: 
𝜌1 =
𝑅𝑇1
𝑃1
 (3.5)  
By combining the above relations, the mass flow in the nozzle is given by: 
?̇? = 𝐴1
𝑃0
√𝑅𝑇0
(
𝑃1
𝑃0
)
1 𝛾⁄
(
2𝛾
𝛾 − 1
)
1 2⁄
[1 − (
𝑃1
𝑃0
)
(𝛾−1) 𝛾⁄
]
1 2⁄
 
 
(3.6)  
This is valid for 𝐶𝑅 < 𝑃1 𝑃0⁄ < 1. Here CR is the critical pressure ratio, given by 
𝐶𝑅 =
𝑃1
𝑃0
= (
2
𝛾 + 1
)
𝛾 (𝛾−1)⁄
 
For the values of pressure ratio 𝑃1/𝑃0 below the critical value, the nozzle becomes choked, the 
same concept discussed in 3.1. This means that a shock wave forms and the flow through the 
nozzle no longer depends upon the downstream tank pressure. However, the mass flow still varies 
based on the upstream conditions. In this case, the mass flow is given by Anderson [20] (2007). 
?̇? = 𝐴1
𝑃0
√𝑅𝑇0
(
2
𝛾 + 1
)
𝛾 (𝛾−1)⁄
[
𝛾(𝛾 + 1)
2
]
1 2⁄
 
 
(3.7)  
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The EQ (3.7) is valid for 0 < 𝑃1 𝑃0⁄ < 𝐶𝑅. 
We need to know that when no shock is present, EQ (3.6), the pressure in the nozzle equals the 
tank pressure, 𝑃1 = 𝑃2. However, when a shock is present, EQ (3.7), the pressure in the nozzle is 
limited to 𝑃1 = 𝐶𝑅 ⋅ 𝑃0 given by the critical pressure ratio. 
The panorama of mass flow and temperature solution here is that we will obtain the gas 
temperature solution based on conservation of energy, conservation of mass and time matching 
method for calculating the current step of wall temperature from the last step solution. 
We initiate the enthalpy and wall temperature as zero. Whenever the mass flow gets out or gets in, 
there must be a change of enthalpy. Then, we use the change of mass and enthalpy to find out the 
total energy change. Also, we also know the density of gas inside the tank by taking the relation 
of 𝜌 = 𝑚/𝑉. The volume is unchanged, and we also know the mass. (No matter it is gaining mass 
or losing mass, we always know what the mass of the gas inside is.) When we know the current 
energy, current density, we can check the current temperature and current pressure data from a 
database called REFPROP, it is short for Reference Fluid Thermodynamic and Transport 
Properties, from NIST Standard Reference Database 23. 
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3.3 TEMPERTATURE IN THE LINER 
 
 
3.3.1 DESCRIPTION OF THE PROBLEM 
 
In order to derive the temperature analytical expression for the tank liner, we need to simplify the 
geometry to a two-dimensional plate with Cartesian coordinate. This simplification is a good 
approximation when the geometry is simple and the magnitude of the domain is relatively large.  
Using Cartesian coordinate will make the analysis much more straight-forward. Besides, we will 
establish an estimate which can be applied to support the assumption. We will begin with one-
dimensional steady state heat conduction solution in both cylindrical coordinate and Cartesian 
coordinate. Then we will compare the results from both coordinates and search for the threshold 
that will validate the assumption.  
 
Figure 3-2 One-dimensional steady state heat conduction in Cylindrical coordinate 
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For one-dimensional steady state heat conduction in cylindrical coordinate system, the schematic 
is shown in Figure 3-2. The temperature general solution is [21]  
T(r) = C1 ln(𝑟) + 𝐶2 
with boundary conditions 
T(r1) = 𝑇1 and T(r2) = 𝑇2 
Applying these conditions to the general solution, we will get 
T1 = 𝐶1 ln(𝑟1) + 𝐶2 and T2 = 𝐶1 ln(𝑟2) + 𝐶2 
Solving for C1 and C2 and substituting into the general solution, we then obtain 
T(r) =
𝑇1 − 𝑇2
ln (𝑟1 𝑟2)⁄
ln(𝑟 𝑟2⁄ ) + 𝑇2 (3.8)  
Then we will solve the general solution for Cartesian coordinate. 
 
Figure 3-3 One-dimensional steady state heat conduction in Cartesian Coordinate 
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For one-dimensional steady state heat conduction in cylindrical coordinate system, the schematic 
is shown in Figure 3-3. The temperature general solution is [21] 
T(x) = C1𝑥 + 𝐶2 
In order to find out the unknown constants, we need to apply the known boundary conditions. 
T(x1) = 𝑇1 and  T(x2) = 𝑇2 
Where x1 is the location at the inner face and x2 is the outer face. 
Applying the condition at x=x1 and x=x2, it follows that 
𝑇1 = 𝐶1𝑥1 + 𝐶2  and 𝑇2 = 𝐶1𝑥2 + 𝐶2 
in which case 
𝐶1 =
𝑇1 − 𝑇2
𝑥1 − 𝑥2
 
𝐶2 = 𝑇2 −
𝑇1 − 𝑇2
𝑥1 − 𝑥2
𝑥2 
Substituting into the general solution, the temperature distribution is then 
 
𝑇(𝑥) =
𝑇1 − 𝑇2
𝑥1 − 𝑥2
𝑥 + 𝑇2 −
𝑇1 − 𝑇2
𝑥1 − 𝑥2
𝑥2 (3.9)  
 
Compare EQ(3.8) and EQ(3.9). We now establish a rule that if the maximum difference rate 
between the cylindrical coordinate and Cartesian coordinate is less than a tolerance, then the 
transformation between them is valid. 
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That is 
max
|𝑇(𝑟) − 𝑇(𝑥)|
𝑇(𝑟)
< 𝑇𝑂𝐿 
The temperature subtraction is between the corresponding locations of two different systems. The 
control variation is the rate between the inner radius and outer radius, 
𝑘 =
𝑟1
𝑟2
 
We find out that for tolerance equal to 0.01, k should be greater than 0.8930, i.e. 
𝑟1
𝑟2
> 0.8930. If 
the tolerance is equal to 0.001, k should be greater than 0.9800, i.e. 
𝑟1
𝑟2
> 0.9800. 
In the current problem, r1=0.5, r2=0.55. Then 𝑘 =
𝑟1
𝑟2
=
0.5
0.55
= 0.909 > 0.8930. Therefore, the 
simplification is valid for the case of tolerance not less than 0.01. 
Consequently, we can use Cartesian coordinate to solve the cylindrical tank problem for error less 
than 1% on the thermal problem. 
 
Now, let us go back to the temperature problem description. The simplified geometry of the 
temperature problem which is a one-dimensional heat conduction problem in Cartesian 
coordinate is like this: 
Slab of thickness L, initially at zero temperature and with temperature-independent properties, 
subject to a step change in heat flux at x = 0 with the boundary at x = L thermally insulated, as 
depicted in Figure 3-4. 
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Figure 3-4 Schematic of the 1D transient heat conduction problem in Cartesian coordinate 
 
This is a boundary value problem of second order derivative problem in one dimensional 
Cartesian coordinate. The governing equation for this problem is: 
𝜕2𝑇
𝜕𝑥2
+ 𝑔(𝑥) =
1
𝛼
 
𝜕𝑇
𝜕𝑡
 (3.10)  
𝑔(𝑥) is the heat generation. Since there is no heat generation in this problem, the governing 
equation is 
𝜕2𝑇
𝜕𝑥2
=
1
𝛼
 
𝜕𝑇
𝜕𝑡
 (3.11)  
 
The general form of the boundary conditions is 
𝑘𝑖
𝜕𝑇
𝜕𝑥𝑖
+ ℎ𝑖𝑇 = 𝑓𝑖(𝑡) (3.12)  
where i represents the different surface of the solid body and i=1 or i=2. 
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In this problem, for the boundary x=0, there is hear flux 𝑞′′̇ . This means 𝑓𝑖(𝑡) in the general 
boundary expression is 𝑞0̇′′(𝑡).  
That is, at x=0, 
𝑇(𝑥, 𝑡) = 𝑇0 (3.13)  
𝑘0 is the heat conductivity at x=0 location. 
With the same theory, when x=L, where L is the length of the slab (liner segment/thickness), 
−𝑘𝐿
𝜕𝑇(𝑥, 𝑡)
𝜕𝑥𝐿
= 0 (3.14)  
𝑘𝐿 is the heat conductivity at x=L location. 
Based on the assumption that the material is homogenous and isotropic, 𝑘0 = 𝑘𝐿 = 𝑘 
The initial condition is  
𝑇(𝑥, 0) = 𝐹(𝑥) (3.15)  
𝐹(𝑥) represents that the initial condition is a function of location, but 𝐹(𝑥) can be equal to zero 
or other constant instead of a function expression. 𝐹(𝑥) in this work is a constant 𝑇0 with the 
quantity based on the experimental data. In the following derivation, we firstly make this 𝑇0 = 0. 
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The formulation of Green’s Function solution for one-dimensional transient heat conduction in 
rectangular coordinate system is [22] : 
𝑇(𝑥, 𝑡) = ∫ 𝐺(𝑥, 𝑡|𝑥′, 0)𝐹(𝑥′)𝑑𝑥′
𝐿
𝑥′=0
    (for initial condition) 
+
𝛼
𝑘
∫ 𝑑𝜏 ∫ 𝑔(𝑥′, 𝜏)𝐺(𝑥, 𝑡|𝑥′, 𝜏)𝑑𝑥′
𝐿
𝑥′=0
𝑡
𝜏=0
  (for energy generation) 
+𝛼 ∫ 𝑑𝜏 ∑ [
𝑓𝑖(𝜏)
𝑘𝑖
𝐺(𝑥, 𝑡|𝑥𝑖
′, 𝜏)] 2𝑖=1
𝑡
𝜏=0
   (for boundary condition of the second and third     
kinds) 
−𝛼 ∫ 𝑑𝜏 ∑ [𝑓𝑖(𝜏)
𝜕𝐺
𝜕𝑥𝑖′
] 2𝑖=1
𝑡
𝜏=0
    (for boundary condition of the first kind only) 
 
The first kind of boundary condition, which is also called Dirichlet Boundary Condition, is the 
prescribed temperature at boundary i, 
𝑇(𝑥𝑖, 𝑡) = 𝑓𝑖(𝑥𝑖, 𝑡) 
The second kind of boundary condition, which is also called Neumann Boundary Condition, is 
prescribed heat flux, 
𝑘
𝜕𝑇
𝜕𝑛𝑖
= 𝑓𝑖(𝑥𝑖, 𝑡) 
The third kind, which is also called Robin Boundary Condition, is a convective boundary 
condition, 
𝑘
𝜕𝑇
𝜕𝑛𝑖
+ ℎ𝑖𝑇 = 𝑓𝑖(𝑥𝑖, 𝑡) 
In the current problem, the boundary is the prescribed temperature at x=0 and prescribed heat flux 
at x=L. Therefore, the boundary we choose should be first kind and second kind. However, the 
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prescribed heat flux at x=L is equal to zero, which means the expression for the second kind 
boundary condition will be zero as well. 
Finally, the general Green’s Function Solution in this problem is 
𝑇(𝑥, 𝑡) = ∫ 𝐺(𝑥, 𝑡|𝑥′, 0)𝐹(𝑥′)𝑑𝑥′
𝐿
𝑥′=0
− 𝛼 ∫  𝑓𝑖(𝜏)
𝜕𝐺
𝜕𝑥𝑖′
𝑑𝜏
𝑡
𝜏=0
 (3.16)  
The front part is for the initial condition and back part is for the boundary condition at x=0. 
The solution and the expression for 𝐺(𝑥, 𝑡|𝑥′, 𝜏) to the current problem are [23]: 
𝐺(𝑥, 𝑡|𝑥′, 𝜏) =
2
𝐿
∑ exp [
−𝛽𝑚
2 𝛼(𝑡 − 𝜏)
𝐿2
] sin (𝛽𝑚
𝑥
𝐿
) sin(𝛽𝑚
𝑥′
𝐿
)
∞
𝑚=1
 (3.17)  
where 𝛽𝑚 = (2𝑚 − 1)
𝜋
2
  , m=1,2,3…. 
An expression for −𝜕𝐺 𝜕𝑥𝑖⁄  at x=0 is 
−
𝜕𝐺
𝜕𝑥0
=
2
𝐿2
 ∑ exp [
−𝛽𝑚
2 𝛼(𝑡 − 𝜏)
𝐿2
] 𝛽𝑚 sin (𝛽𝑚
𝑥
𝐿
)
∞
𝑚=1
 (3.18)  
Now we separate EQ (3.16) into two parts, initial part and boundary heating part. 
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3.3.2 INITIAL PART 
 
The expression for initial temperature is 
𝑇𝑖(𝑥, 0) = ∫ 𝐺(𝑥, 𝑡|𝑥
′, 0)𝐹(𝑥′)𝑑𝑥′
𝐿
𝑥′=0
 
Now we assume 𝐹(𝑥′) = 𝑇0, which is a constant. 
𝑇𝑖(𝑥′, 0) = ∫ 𝑇0 ⋅
2
𝐿
∑ exp (
−𝛽𝑚
2 𝛼𝑡
𝐿2
) sin (𝛽𝑚
𝑥
𝐿
) sin (𝛽𝑚
𝑥′
𝐿
)
∞
𝑚=1
𝑑𝑥′
𝐿
𝑥′=0
 
𝑇𝑖(𝑥
′, 0) =
2𝑇0
𝐿
∑ exp(
−𝛽𝑚
2 𝛼𝑡
𝐿2
) sin (𝛽𝑚
𝑥
𝐿
)⋅
𝐿
𝛽𝑚
(1 − cos(βm))
∞
𝑚=1
 
while 𝛽𝑚 = (2𝑚 − 1)
𝜋
2
 , then cos(𝛽𝑚) = 0. Finally, 
𝑻𝒊(𝒙, 𝒕|𝒙
′, 𝟎) = 𝟐𝑻𝟎 ∑ 𝐞𝐱𝐩(
−𝜷𝒎
𝟐 𝜶𝒕
𝑳𝟐
)
𝐬𝐢𝐧 (𝜷𝒎
𝒙
𝑳)
𝜷𝒎
∞
𝒎=𝟏
 (3.19)  
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3.3.3 BOUNDARY HEATING PART 
 
The boundary heating part is more complicated than initial part since the wall temperature is 
changing with time. We need to take consider the influence of the previous heat to the current 
time calculation. This process is similar to Duhamel integral in unsteady surface element. But we 
will not do exactly the same way to obtain the boundary heating expression. We need to do time 
matching to acquire the finally expression for boundary heating part. 
From EQ (3.16), we know 
𝑇(𝑥, 𝑡) = −𝛼 ∫  𝑓𝑖(𝜏)
𝜕𝐺
𝜕𝑥𝑖′
𝑑𝜏
𝑡
𝜏=0
 
Because the wall is insulated at x=L, we can simply rewrite this expression as 
𝑇𝑏(𝑥, 𝑡|0, 𝜏) = −𝛼 ∫  𝑓𝑖(𝜏)
𝜕𝐺
𝜕𝑥0
𝑑𝜏
𝑡
𝜏=0
 (3.20)  
From EQ (3.18), we know  
−
𝜕𝐺
𝜕𝑥0
=
2
𝐿2
 ∑ exp [
−𝛽𝑚
2 𝛼(𝑡 − 𝜏)
𝐿2
] 𝛽𝑚 sin (𝛽𝑚
𝑥
𝐿
)
∞
𝑚=1
 
Combine EQ(3.22) with EQ (3.18), we will have 
𝑇𝑏(𝑥, 𝑡) = 𝛼 ∫  𝑇𝑤(𝜏)
2
𝐿2
 ∑ exp [
−𝛽𝑚
2 𝛼(𝑡 − 𝜏)
𝐿2
] 𝛽𝑚 sin (𝛽𝑚
𝑥
𝐿
)
∞
𝑚=1
𝑑𝜏
𝑡
𝜏=0
 
Because 𝑇𝑤(𝜏) is a function with time, therefore, for the integration from 0 to t, we cannot simply 
take 𝑇𝑤 out. However, if we separate the domain into M pieces, for each piece, the wall 
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temperature is treated as constant. We need a summation to calculation this time-matching 
influence. 
𝑇𝑏(𝑥, 𝑡𝑀) = 𝛼 ∑∫  𝑇𝑤(𝑡𝑖)
2
𝐿2
 ∑ exp [
−𝛽𝑚
2 𝛼(𝑡𝑀 − 𝜏)
𝐿2
] 𝛽𝑚 sin (𝛽𝑚
𝑥
𝐿
)
∞
𝑚=1
𝑑𝜏
𝑡𝑖
𝜏=𝑡𝑖−1
𝑀
𝑖=1
 
After rearranging, we have 
𝑻𝒃(𝒙, 𝒕𝑴) = 𝟐∑𝑻𝒘(𝒕𝒊) ∑
𝐬𝐢𝐧 (𝜷𝒎
𝒙
𝑳)
𝜷𝒎
 {𝐞𝐱𝐩 [
−𝜷𝒎
𝟐 𝜶(𝒕𝑴 − 𝒕𝒊)
𝑳𝟐
]
∞
𝒎=𝟏
𝑴
𝒊=𝟏
− 𝐞𝐱𝐩 [
−𝜷𝒎
𝟐 𝜶(𝒕𝑴 − 𝒕𝒊−𝟏)
𝑳𝟐
]} 
 
(3.21)  
 
Then, the final solution of the temperature distribution will be 
𝑻(𝒙, 𝒕) = 𝟐𝑻𝟎 ∑ 𝐞𝐱𝐩(
−𝜷𝒎
𝟐 𝜶𝒕
𝑳𝟐
)
𝐬𝐢𝐧 (𝜷𝒎
𝒙
𝑳)
𝜷𝒎
∞
𝒎=𝟏
+ 𝟐∑𝑻𝒘(𝒕𝒊) ∑
𝐬𝐢𝐧 (𝜷𝒎
𝒙
𝑳)
𝜷𝒎
 {𝐞𝐱𝐩 [
−𝜷𝒎
𝟐 𝜶(𝒕𝑴 − 𝒕𝒊)
𝑳𝟐
]
∞
𝒎=𝟏
𝑴
𝒊=𝟏
− 𝐞𝐱𝐩 [
−𝜷𝒎
𝟐 𝜶(𝒕𝑴 − 𝒕𝒊−𝟏)
𝑳𝟐
]} 
(3.22)  
𝜷𝒎 = (𝟐𝒎 − 𝟏)
𝝅
𝟐
 
Since there is a series inside the expression, we need to discuss the convergence criterion. In this 
work, I used norm-2 criterion to stop the summation.  
The simplified code for this convergence test is: 
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𝑟 = √(𝐒i − 𝑺𝑖−1)2 = √(𝑠𝑖1 − 𝑠(𝑖−1)1)2 + ((𝑠𝑖2 − 𝑠(𝑖−1)2)2) + ⋯+ ((𝑠𝑖𝑏 − 𝑠(𝑖−1)𝑏)2) 
Si is the summation solution of ith term and Si-1 is the summation solution of (i-1)th term.  b is the 
length of x vector. 
If r ≤ 10−5, the summation loop will break there.  
37 
 
 
 
3.4 STRESS IN THE LINER 
 
Lined pipes are cheaper, generally, to produce comparing with clad pipes when transporting 
highly corrosive fluids or leak-proof work needed to be done. The convenient way to do this job 
is to add a certain thickness corrosion resistant alloy or leak-proof polymer to the pipe wall as a 
liner.  
Before the deduction of the stress field, a few assumptions need to be understood. 
• The liner layer has no plastic deformation originally. The composite structure is formed 
when epoxy-carrying carbon fiber is wound on the liner’s outer surface. Therefore, the 
liner’s outer surface is tightly bounded to the inner surface of the carbon composite 
structure tightly. No matter increasing the inner pressure or decreasing the wall 
temperature, the composite structure will have displacement axially and circumferentially 
afterward. But originally, there is no relative displacement between them or inner stress 
inside themselves. There is no the friction between the liner and the carbon composite. 
• The mechanical calculation focuses on the liner only in the present work. Although the 
carbon composite structure plays a crucial part in this combination shell, our analysis is 
intended to find the potential security problem of the liner alone, no matter it is a thermal 
failure or mechanical cracking. Again, all the calculation will be focused on the liner only. 
• A simplified and standard cylindrical pressure vessel model is discussed. The deduction 
of the displacement and stress field used in the present work is carried out in cylindrical 
coordinate.  
• There is no rotation or shake involved during the filling or emptying process. 
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The deformation of the liner depends on the deformation of the carbon epoxy fiber composite. 
The equilibrium will be among the gas, the liner and the carbon composite structure, but mostly 
will be between the gas and the carbon composite structure. However, since there will be 
deformation when the gas pressure increases and the liner is sticking together with the structure 
based on our assumption, the liner will deformation all the same way with the structure. This is 
how the mechanical effects occur to the liner. But firstly, we need to know the behavior of the 
structure due to the fluctuation of the pressure inside.  
For single-layered cylindrical pressure vessel, the radial stress is ignored since it is much smaller 
than circumferential (hoop) stress and longitudinal (axial) stress. 
The relation between pressure and stresses for two-dimensional pressure vessel with closed ends 
is shown in Figure 3-5.  
 
Figure 3-5 Schematic of equilibrium of pressure force and stress force 
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According to the theory of equilibrium shown in Figure 3-5  
2σ1 ⋅ t ⋅ b = P ⋅ (2r) ⋅ b   
σ1 =
P ⋅ r
t
 (3.23)  
P ⋅ πr2 = σ2 ⋅ 2πr ⋅ t     
σ2 =
P ⋅ r
2t
 (3.24)  
Based on the assumption of plane stress state, the relation between the stress and strain is [24] 
ε1 =
1
E
(σ1 − νσ2) (3.25)  
ε2 =
1
E
(σ2 − νσ1) (3.26)  
 
If we consider the thermal effect into the relation of stress and strain, that will be [25, 26]  
ε1 =
1
E
(σ1 − νσ2) + αs∆Ts (3.27)  
ε2 =
1
E
(σ2 − νσ1) + αs∆Ts (3.28)  
Where 𝛼𝑠 is the coefficient of thermal expansion of the applied material (carbon fiber), and ∆𝑇𝑠 is 
the temperature changes that we can get from the temperature solution.   
Since the hoop strain 𝜀1  is also the change in circumference 𝛿𝐶  divided by the original 
circumference 𝐶 = 2𝜋𝑟, then we can write: 
𝛿𝐶 = 𝛿𝑟 = 𝑟 ⋅ 𝜀1 = 𝑟 ⋅ [
1
E
(σ1 − νσ2) + α∆T] (3.29)  
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The reason that we want the expression for the radius change of the carbon composite structure is 
although the stress or the strain for the carbon composite structure and the liner is different during 
the expansion or shrinkage, the radius change for these two materials are the same since the liner 
is enforced to touch strictly to the structure during the filling or emptying process. 
Therefore, the radius change of the carbon composite structure is equal to the radius change of the 
polymer liner. 
Based on the relation shown in EQ (3.39), we know 
δrS = δrL =
rS
ES
(𝜎𝑆1 − νS𝜎𝑆2) + αS∆TS ⋅ rS =
rL
EL
(σL1 − νL𝜎𝐿2) + αL∆TL ⋅ r𝐿 (3.30)  
 
 
Figure 3-6 Schematic of single-layered vessel and two-layered vessel 
 
𝑟2 
𝑟0 
𝑟 
𝑡 
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With σL1 and  σL2 are the hoop stress and the axial stress working on the liner alone, and σS1 and  
σS2 are the hoop stress and the axial stress working on the structure alone, rL is the radius of the 
liner which is equal to rL = 𝑟𝑜 +
1
2
 𝑡𝐿, and rS is the radius of the structure which is equal to rS =
𝑟𝑜 + 𝑡𝐿 +
1
2
 𝑡𝑆, and ro is the original radius without liner and structure thickness. 
Similarly, the axial strain 𝜀2 is also the change in longitudinal 𝛿𝐿 divided by the original length L , 
then we can write as 
𝛿𝐿 = 𝐿 ⋅ 𝜀2 = 𝐿 ⋅ [
1
E
(σ2 − νσ1) + α∆T] (3.31)  
 
That is, in this problem, the same as 
𝛿𝐿𝑆 = 𝛿𝐿𝐿 = 𝐿 ⋅ [
1
ES
(σSy − νSσSx) + αS∆TS] = 𝐿 ⋅ [
1
EL
(σ𝐿𝑦 − νLσLx) + αL∆TL] (3.32)  
In this problem, we ignore the atmospheric pressure P0. Since the carbon composite structure is 
always connecting the atmosphere, we assume the temperature inside the composite structure is 
the same with the liner temperature change. 
Assume there exists a pseudo-pressure between the liner and the structure in hoop and axial 
direction. This pseudo-pressure must be caused by the residual pressure force after the inner 
pressure force on the liner. The equilibrium of the whole system requires that there should be a 
residual pressure left to balance the stress inside the liner and the structure separately. The 
schematic is shown in the right figure in Figure 3-6. The relation is: 
PL1 = 𝑃 − 𝑃𝑆1 = 𝑃1 
PL2 = 𝑃 − 𝑃𝑆2 = 𝑃2 
(3.33)  
Where P1 and  P2 represent pseudo-pressure in hoop and axial direction respectively. 
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Then, from EQ (3.23), EQ (3.24) and EQ (3.33), we know, for carbon composite 
𝜎𝑆1 =
𝑃𝑆1
𝑡𝑆
⋅ 𝑟 =
𝑃 − 𝑃1
𝑡𝑠
⋅ 𝑟 
𝜎𝑆2 =
𝑃𝑆2
2𝑡𝑠𝑟𝑠
⋅ 𝑟2 =
𝑃 − 𝑃2
2𝑡𝑠𝑟𝑠
⋅ 𝑟2 
(3.34)  
for the liner,  
𝜎𝐿1 =
𝑃1𝑟
𝑡𝐿
 
𝜎𝐿2 =
𝑃2𝑟
2𝑡𝐿
 
(3.35)  
 
Take the relations in EQ (3.34) and ED (3.35) into EQ (3.30) and EQ (3.32), we have 
rS
ES
(
𝑃 − 𝑃1
𝑡𝑠
⋅ 𝑟 − νS
𝑃 − 𝑃2
2𝑡𝑠𝑟𝑠
⋅ 𝑟2) + αS∆TS ⋅ rS =
rL
EL
(
𝑃1𝑟
𝑡𝐿
− νL
𝑃2𝑟
2𝑡𝐿
) + αL∆TL ⋅ r𝐿 (3.36)  
  
1
ES
(
𝑃 − 𝑃2
2𝑡𝑠𝑟𝑠
⋅ 𝑟2 − νS
𝑃 − 𝑃1
𝑡𝑠
⋅ 𝑟) + αS∆TS =
1
EL
(
𝑃2𝑟
2𝑡𝐿
− νL
𝑃1𝑟
𝑡𝐿
) + αL∆TL (3.37)  
 
With the relations shown in EQ (3.36) and EQ (3.37), we can acquire an algebraic expression for 
P1 and P2, that is 
(−
𝑟𝑆 𝑟
𝐸𝑆  𝑡𝑆
−
𝑟𝐿  𝑟
𝐸𝐿  𝑡𝐿
)𝑃1 + (
𝜈𝑆 𝑟
2
2𝐸𝑆 𝑡𝑆
+
𝑟𝐿  𝑟 𝜈𝐿
2𝐸𝐿  𝑡𝐿
)𝑃2
=
𝜈𝑆 𝑟
2
2𝐸𝑆 𝑡𝑆
 𝑃 − 
𝑟𝑆 𝑟
𝐸𝑆 𝑡𝑆
 𝑃 + 𝛼𝐿∆𝑇 𝑟𝐿 − 𝛼𝑆∆𝑇 𝑟𝑆 
(3.38)  
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(
𝜈𝑆 𝑟
𝐸𝑆 𝑡𝑆
−
𝜈𝐿  𝑟
𝐸𝐿  𝑡𝐿
)𝑃1 + (−
𝑟2
2𝐸𝑆 𝑡𝑆 𝑟𝑆
−
𝑟 
2𝐸𝐿  𝑡𝐿
)𝑃2
=
𝜈𝑆 𝑟
𝐸𝑆 𝑡𝑆
 𝑃 − 
𝑟2
2𝐸𝑆 𝑡𝑆 𝑟𝑆
 𝑃 + 𝛼𝐿∆𝑇 − 𝛼𝑆∆𝑇  
(3.39)  
 
In EQ (3.38) and EQ (3.39), the pressure information P comes from the experimental data and the 
temperature change of the liner ∆𝑇comes from the temperature solutions which are solved in 
temperature derivation section. 
This is typically an algebraic equation of 𝐴𝑥 = 𝑏, where A matrix is  
𝐴 =
[
 
 
 
 −
𝑟𝑆 𝑟
𝐸𝑆 𝑡𝑆
−
𝑟𝐿 𝑟
𝐸𝐿  𝑡𝐿
𝜈𝑆 𝑟
2
2𝐸𝑆 𝑡𝑆
+
𝑟𝐿  𝑟 𝜈𝐿
2𝐸𝐿  𝑡𝐿
𝜈𝑆 𝑟
𝐸𝑆 𝑡𝑆
−
𝜈𝐿  𝑟
𝐸𝐿  𝑡𝐿
−
𝑟2
2𝐸𝑆 𝑡𝑆 𝑟𝑆
−
𝑟 
2𝐸𝐿  𝑡𝐿]
 
 
 
 
 (3.40)  
b vector is 
𝑏 =
[
 
 
 
 
𝜈𝑆 𝑟
2
2𝐸𝑆 𝑡𝑆
 𝑃 − 
𝑟𝑆 𝑟
𝐸𝑆 𝑡𝑆
 𝑃 + 𝛼𝐿∆𝑇 𝑟𝐿 − 𝛼𝑆∆𝑇 𝑟𝑆
𝜈𝑆 𝑟
𝐸𝑆 𝑡𝑆
 𝑃 − 
𝑟2
2𝐸𝑆 𝑡𝑆 𝑟𝑆
 𝑃 + 𝛼𝐿∆𝑇 − 𝛼𝑆∆𝑇 ]
 
 
 
 
 (3.41)  
The unknown vector x is 
𝑥 = [
𝑃1
𝑃2
] (3.42)  
Finally, combing EQ (3.40) , EQ (3.41) and EQ (3.42), the algebraic equation is 
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[
 
 
 
 −
𝑟𝑆 𝑟
𝐸𝑆 𝑡𝑆
−
𝑟𝐿 𝑟
𝐸𝐿  𝑡𝐿
𝜈𝑆 𝑟
2
2𝐸𝑆 𝑡𝑆
+
𝑟𝐿  𝑟 𝜈𝐿
2𝐸𝐿  𝑡𝐿
𝜈𝑆 𝑟
𝐸𝑆 𝑡𝑆
−
𝜈𝐿  𝑟
𝐸𝐿  𝑡𝐿
−
𝑟2
2𝐸𝑆 𝑡𝑆 𝑟𝑆
−
𝑟 
2𝐸𝐿  𝑡𝐿]
 
 
 
 
[
𝑃1
𝑃2
]
=
[
 
 
 
 
𝜈𝑆 𝑟
2
2𝐸𝑆 𝑡𝑆
 𝑃 − 
𝑟𝑆 𝑟
𝐸𝑆 𝑡𝑆
 𝑃 + 𝛼𝐿∆𝑇 𝑟𝐿 − 𝛼𝑆∆𝑇 𝑟𝑆
𝜈𝑆 𝑟
𝐸𝑆 𝑡𝑆
 𝑃 − 
𝑟2
2𝐸𝑆 𝑡𝑆 𝑟𝑆
 𝑃 + 𝛼𝐿∆𝑇 − 𝛼𝑆∆𝑇 ]
 
 
 
 
 
(3.43)  
 
Those stresses contained the stresses attributed to the thermal effects since the thermo-elastic 
stress is balanced with the pressure force as a whole. 
The A matrix in EQ (3.40) is a 2x2 matrix. Therefore if the A matrix is not singular or the 
determinant is not near zero, we can simply solve the equation in EQ (3.43) by multiplying the 
inverse of A matrix on both sides. That is to say, we need to check whether A matrix is singular 
or not before calculation. 
After we obtain the values of the pseudo-pressure working on the liner in each direction, we can 
use the results to calculate the stress inside the liner according to the equilibrium of the pressure 
force and the stress force the same as the one shown in Figure 3-5 and EQ (3.35). 
σ1 =
P1 ⋅ rL
tL
 (3.44)  
σ2 =
P2 ⋅ rL
2tL
 (3.45)  
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CHAPTER 04   SIMULATING EXPERIMENT 
 
 
The simulating experiment includes two parts, filling process and decanting process. The purpose 
of this simulation is to reflect the real procedure of the working condition of a storage tank. 
Therefore, the simulating experiment in our work is simply without any phase change. 
The thermal model analyzed in this work comes from Cole [17]. The usage of data collection and 
calculation code was under the permission of K. Cole [27]. He used synthetic pressure data to 
calculate the gas temperature inside the chamber by using mass conservation, energy balance, 
ideal gas law and material property database REFPROP. After getting the gas temperature 
information, the liner surface temperature can be obtained by applying Green’s function theory 
with heat convection boundary type.  
The Titan tank system to be simulated includes the tank liner, tank structural wall, piping, and 
flow control valve. The principal phenomena present in the flow system will be included so that 
the simulation will reproduce the circumstances of existing blow-down test data from a Titan tank. 
The phenomena to be included in the simulation are listed below. 
• Natural gas is treated as pure methane, with properties taken from the NIST software 
product called REFPROPS (NIST, 2013). 
• Compressible flow theory is used to define the maximum gas flow as a function of the 
valve opening area and the pressure/temperature conditions across the valve. 
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• The heat transfer between the tank wall and the gas is treated with a constant heat transfer 
coefficient. Heat conduction in the tank wall will be treated with a space-and-time 
varying temperature distribution described by the heat conduction equation [17]. 
Each simulation is started with a full tank which is defined as containing that amount of gas 
present in a tank at 70 MPa and 273 K for decanting process. When the valve is opened, gas is 
decanted from the tank at a fixed mass flow rate across a pressure regulator set to 200 psi (1.38 
MPa). After the system reaches equilibrium, which means there is slight change for tank pressure 
and gas temperature, the tank begins to refill. The pressure inside the tank at the equilibrium is 
designed for tank security. In order to keep the liner layer touching the carbon fiber composite 
tightly, the remaining pressure inside tank after the decanting process is still needed remains. The 
simulation includes a decision point to close the flow valve when one of the following conditions 
is met: 
• The tank is "empty". More precisely, the pressure in the tank is so close to the regulator 
pressure that the requested mass flow rate cannot be sustained across the effective outlet 
valve diameter. 
• The gas temperature in the tank falls to the critical temperature of methane (190.6 K), at 
which there is the possibility of liquid condensate from the gas. 
• The tank-liner temperature falls to 200 K (-100 F), the designated minimum temperature 
for the tank liner. 
Data from different flow rates will be applied in order to analyze influence of the mass flow rate 
in both processes.  
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4.1 DECANTING PROCESS 
 
The decanting process can produce a large decrease in the gas-in-tank temperature which can 
endanger the polymer tank liner during cold-weather operation.  Based on our assumption, there 
is no condensation inside the tank. The nozzle valve will be closed before the temperature inside 
the tank decreases to the critical point. The changes for both of temperature and pressure inside 
the tank are uniform.  
The initial pressure inside the tank is 70 MPa. The initial temperature inside the tank is 273 K. 
The tank is defined as “empty” after the pressure inside drops at 1.38 MPa. The nozzle valve will 
shut off right after the tank is “empty”. In case the temperature inside getting over-cold, or in 
order to valid our non-condensation assumption, the nozzle valve will shut off as well if the 
temperature inside the tank reaches to the condensation critical point methane.  
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Figure 4-1  Pressure vs. time with mass flow rate of 0.256 kg/s 
 
Figure 4-2 Temperature vs. time with mass flow rate of 0.256 kg/s  
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Figure 4-3 Pressure history of tank decanting process with mass flow rate of 1.2 kg/s 
 
Figure 4-4 Temperature profile of decanting process with mass flow rate of 1.2 kg/s 
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Figure 4-1 shows the pressure change with respect to time. The valve is closed near 40000 second. 
Figure 4-2 shows the data of gas temperature and the internal face of the liner temperature.  
Figure 4-3 shows the pressure change of higher mass flow rate decanting case. The valve is 
closed near 5000 second since the gas temperature is as low as the condensation point of methane. 
We need to keep the fluid inside the tank being gas form so we stop the emptying process. Figure 
4-4 shows temperature histories of the gas inside the tank and the internal face of the liner. In this 
figure, we can see that the biggest gap of the temperature difference between the gas temperature 
and the wall temperature is much larger than the lower mass flow rate case. This is because the 
heat needs time to transfer from the gas to the wall, and even longer time to penetrate the liner 
body, while the whole process happened so fast that the temperature of the gas didn’t have 
enough time to transfer to the wall. 
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4.2 FILLING PROCESS 
 
The filling process occurs after the decanting process. The gas temperature inside the tank is the 
lowest right after the decanting process. If we refill when the gas temperature is at its lowest point, 
it will provide an extreme environment to the liner inside the tank. The temperature change, 
especially, will be the crucial point of this problem since filling process will raise the inner 
pressure and temperature.  
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Figure 4-5 Pressure history of filling process with mass flow rate of -0.256 kg/s 
 
Figure 4-6 Temperature profile of filling process with mass flow rate of -0.256 kg/s 
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Figure 4-7 Pressure history of tank filling process with mass flow rate of -1.2kg/s 
 
Figure 4-8 Temperature profile of filling case with mass flow rate of -1.2 kg/s 
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Figure 4-5 shows the pressure change history with respect to time.  Figure 4-6 shows temperature 
histories of the gas inside the tank and the internal face of the liner of tank filling process. At the 
very beginning of the plot, there was a cross-over of those two temperature profiles. This was due 
to after the emptying case the gas temperature is slightly lower than the liner inner face 
temperature. While the filling work began, the gas temperature increased faster. The tank nozzle 
valve was closed at time of 36500 sec, when the total pressure inside the tank reached to 70 MPa. 
Figure 4-13 shows the pressure change history with respect to time. This was much earlier than 
the first filling case. Figure 4-14 shows temperature histories of the gas inside the tank and the 
internal face of the liner of tank filling process. The tank nozzle valve was closed at time of 6700 
sec, when the total pressure inside the tank reached to 70 MPa. 
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CHAPTER 05  RESULT AND DISCUSSION 
 
 
In this chapter, the result of the analytical solution will be shown and discussed.  
We will show the analytical solution of temperature distribution, solved by Green’s Function 
Solution as in Chapter 04. After that, we will add the mechanical effect into our solution.  
In the part of stress analysis, we will find the stress components in hoop and axial stress. Then, 
we will discuss the potential security problem based on the comparison between the result of 
stress and the allowable material stress.  
Not all the information will be contained due to the large size of the data and the relative solution. 
The shown result will be representative. In order to show the tendency or distribution of the 
results, we will also plot the solution in addition to table form information. 
Radiation effect will not be considered. The calculation was done using commercial software 
MATLAB. 
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5.1 Before Analysis: 
 
 
The filling process is carried on after the decanting process, which also means the initial 
condition of the filling process is the final condition of the decanting process. There will be no 
thermal analysis to the carbon epoxy composite structure since its thermal diffusivity is much 
lower comparing with HDPE’s so the assumption is the structure layer is treated as insulated. 
Also, the coefficient of thermal expansion of carbon epoxy fiber composite is much less than 
HDPE’s. The thermal deformation of carbon epoxy fiber composite will be much smaller. In 
addition, we assume the maximum pressure in the simulating experiment is within the allowable 
range of carbon fiber composite.  
The properties of these two materials are listed in Table 5-1. 
Table 5-1 Material Properties used in the present work 
 
𝜌(𝑘𝑔/𝑚3) 𝑘(𝑊 𝑚 ⋅ 𝑘⁄ ) 𝑐𝑝 (𝐽 𝑘𝑔⁄ ⋅ 𝐾) 𝛼 E(Gpa) 𝜈 t 
HDPE 960 0.49 2253 1.20E-04 0.8 0.43 5.10E-02 
Fiber 1600 0.02 1140 2.15E-06 70 0.4 5.81E-02 
 
For the thermo-elastic stress calculation, there will be no stress distribution calculation along the 
hoop direction or axial direction. The stress solution we obtained was the average stress. 
Therefore, in order to solid the calculation, we need to average the temperature across the liner as 
well. From the solution and plot we acquired, the variation of temperature change across the liner 
was not dramatic. As a consequence, the mathematical average of temperature change assumption 
is valid. 
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The solution and the plot will be shown in order like this:  
• low mass flow rate tank decanting case;  
• high mass flow rate tank decanting case;  
• low mass flow rate tank filling case;  
• high mass flow rate tank filling case. 
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5.2 Low Mass Flow Rate Tank Decanting Case 
 
 
 
Figure 5-1 Temperature distribution of lower mass flow rate decanting process across the liner at different time 
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Figure 5-2 Thermo-elastic stress of the liner in hoop direction and axial direction for the lower mass flow rate 
tank decanting case 
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Figure 5-1 shows the temperature distribution across the liner during the decanting process. The 
temperature at early time, in this figure time before 2000 seconds, began to fall. While this 
procedure was very slow and it cost the surface at x=L more time to response the heat flux. The 
distribution of the temperature for the cross-section of the liner was always kept the logarithmic 
shape where the highest temperature was at the internal face of the liner before the valve was 
closed.  
Figure 5-2 shows the variation of thermo-elastic stress in hoop direction and axial. We can see 
from the plot that the stress was dominated by mechanical stress at early time. As time increasing, 
the pressure inside the gas tank decreases. The mechanical stress is from the pressure force. Thus, 
the mechanical effect became less when the pressure went down and that is why the stress was 
decreasing at early time. When the inner pressure of the tank became much less than its initial 
pressure, or when it was closed to 10000 second and the internal pressure became around 20 MPa, 
the thermal effect was more than the mechanical influence. The total stress began to increase until 
the valve was closed. As the temperature increased, the temperature different between current 
temperature and initial temperature decreased. The thermal stress was proportional to temperature 
difference. As there is only thermal stress left for the liner, the stress would tend to smaller and 
smaller. The axial stress has the similar behavior with hoop stress, only with smaller quantities. 
The length of the tank is big comparing to its radius. The influence of the closed ends was treated 
as constant through the cylindrical part of the tank.  
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5.3 High Mass Flow Rate Tank Decanting Case 
 
 
 
Figure 5-3 Temperature distribution across the liner for the high mass flow rate tank decanting case 
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Figure 5-4 Thermo-elastic stress of the liner in hoop direction and axial direction for the higher mass flow rate 
tank decanting case 
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Figure 5-3 shows temperature distribution across the liner for the high mass flow rate tank 
decanting case. In this figure, we can see that the temperature changed more rapidly than the tank 
decanting case of lower mass flow rate. Besides, the temperature change at x=0 was much faster 
than the temperature change at x=L. In lower mass flow rate case, although this behavior existed 
as well, in quantity the temperature changing rate at x=0 was not as large as the large mass flow 
rate case. This is because heat need time to be transferred. In higher mass flow rate case, the gas 
temperature changed more rapidly, and the heat was transferred to the liner internal surface, 
which would cause the temperature at inner face of the liner changed as fast as the gas. How 
much heat a material can transfer during a certain time depends on the material properties. That is 
the reason why during the certain amount of time, the heat that was conducted to the outer surface 
was less due to the heat transfer was conduction while the heat transferred to the inner face was 
so much different since the heat was convected from the gas. Therefore how much heat it can 
convect depends on the status of the fluid, or gas. 
Figure 5-4 shows the hoop stress history and axial stress history for the higher mass flow rate 
tank decanting case. We can see from those figures that the largest values, no matter for hoop 
stress or axial stress were the same with the lower flow rate case since they all appeared at the 
beginning of the process and the quantities depended on their initial conditions which were the 
same. However, the smallest values were different. For higher flow rate case, the smallest 
thermo-elastic stress was smaller than the lower flow rate case in hoop direction and in axial 
direction respectively. This is because the decanting process happened so fast in higher flow rate 
case and it didn’t provide enough time to make thermal stress increase when the mechanical 
stress dropped. The gap between the smallest values of those two cases was due to the thermal 
effect.    
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5.4 Low Mass Flow Rate Tank Filling Case 
 
 
 
 
Figure 5-5 Temperature distribution histories for the lower mass flow rate tank filling case 
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Figure 5-6 Thermo-elastic stress of the liner in hoop direction and axial direction for the lower mass flow rate 
tank filling case 
  
66 
 
 
 
Figure 5-5 shows the temperature distribution histories for the lower mass flow rate tank filling 
case. The initial condition was the same with the final condition of lower flow rate tank decanting 
case. Therefore, the temperature inside the liner rose from the very low temperature. Since the 
mass flow rate was slow, the temperature increased slowly as well. In consequence, there would 
be enough time for the heat to be transferred to the other side of the liner. That was the reason 
why the temperature profile tended to be more flat. 
Figure 5-6 shows the hoop stress and axial stress history for the lower mass flow rate tank filling 
case. We can see the direction of the stresses were positive at early time and then changed to 
negative 5000 second later. This is because the stress inside the liner was dominated by thermal 
stress at first and the thermal effect would expand the liner. This tension effect made the stress 
positive. As the internal pressure increased along with the temperature, the mechanical effect 
would finally be larger than the thermal effect. After 5000 second, the pressure force would press 
the liner again the carbon fiber structure and the temperature was higher enough to make the liner 
expand more while it couldn’t due to the movement limitation from the carbon composite 
structure. That is why the direction of the stress is negative. After 25000 second, the pressure 
force pushed the tank structure and this helped making more space for the liner expand since the 
increasing rate difference from the thermal effect and mechanical effect. In short, the mechanical 
effect became more obvious after the internal pressure reached 25 MPa. After that, the liner had 
more space to expand than before so the compression stress decreased. The nozzle valve was 
close at 36500 second.  
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5.5 High Mass Flow Rate Tank Filling Case 
 
 
 
Figure 5-7 Temperature distribution histories for the higher mass flow rate tank filling case 
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Figure 5-8 Thermo-elastic stress of the liner in hoop direction and axial direction for the higher mass flow rate 
tank filling case 
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Figure 5-7 shows the temperature distribution histories across the liner for the higher mass flow 
rate of tank filling case.  
Figure 5-8 shows the hoop stress and axial stress for the higher mass flow rate of tank filling case. 
Because for high mass flow rate case, the pressure had longer time to decrease after the nozzle 
valve closed due to the data collection, the temperature and stress would behave differently than 
the low mass flow rate case. The temperature tended to be stable and uniform across the liner and 
decreased slowly just like the tank decanting case with lower mass flow rate.  The behavior of the 
liner was dominated by the pressure force at first and the stress was positive then. After the valve 
closed, the temperature effect became very important and the pressure also was decreasing. Both 
of them would cause the material of the liner to expand while it couldn’t, where compressive 
stress occurred.  
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CHAPTER 06  FEM RESULTS AND COMPARISON 
 
 
In this chapter, the results obtained from FEM software will be shown. The comparison between 
the results from numerical solution and results from analytical solution will be included in this 
chapter as well.  
The software used in the present work is ABAQUS. ABAQUS is one of the most popular and 
powerful software that is suite for finite element analysis and computer-aided engineering, 
originally released in 1978. The reason for choosing ABAQUS to do the numerical simulation is 
because of the feature of simplification. 
We will use the same data information that we used for solving analytical solution. The data 
contains two processes, decanting process and filling process. For each process, there will be two 
different cases including a low mass flow rate process and a high mass flow rate process. 
In general, the analysis includes two parts, temperature simulation and thermo-elastic stress 
analysis.  
The temperature model in this chapter is the same with the one in the analytical solution, a slab in 
two dimensional Cartesian coordinate with constant surface temperature at one surface. We will 
compare the temperature profile across the slab for each single time spot and check how closed 
these solutions will get.  
The thermo-elastic stress analysis in this chapter will export three kinds of solutions, hoop stress, 
axial stress and von Mises stress. The status of the model we used in the thermo-elastic stress 
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analysis will be quasi-steady for each time spot. The assumption of quasi-steady state was made 
for both temperature analysis and thermo-elastic stress analysis. The assumption was discussed in 
Section 3-3. The model setting of ABAQUS was tried to be closed to the derivation of analytical 
solution, like symmetric setting, position of  pressure and temperature load, material properties, 
etc. 
The final solutions obtained from FEM software have some differences from our analytical 
solution. We will quantify the difference between them and try to find the reason for the 
difference. 
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6.1 Temperature Solution Checking 
 
 
The version of ABAQUS we are using is ABAQUS/CAE 6.13-1. For the temperature simulation, 
we use the mode of “Heat Transfer”. 
The simulation procedure setting for the numerical temperature solution is zero loads at boundary. 
Although the surface temperature history was changeable, the surface temperature was treated as 
constant for every time step. For decanting process the initial temperature was 273 K; for tanking 
filling process, the initial temperature was 209.9 K.  The general mode is in Figure 6-1. 
 
 
Figure 6-1 The defined slab in FEM simulation by ABAQUS. 
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The material properties of the slab are the same as the liner properties we have shown in Table 5-
1. 
The surface at x=L was not defined and it should be defined as insulated from the software 
default setting. 
The domain was meshed by 30 × 10 as shown in Figure 6-2. The heat flow was in one direction 
only. Therefore the problem is still a one-dimensional heat conduction problem in Cartesian 
coordinate. The output data was collected and the solution plots will be shown in the following 
sections in this chapter and the final status of the model is shown in Figure 6-3 as an example. 
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Figure 6-2 The model is meshed by 30 x 10 equal space. 
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Figure 6-3 Temperature simulation by FEM software (ABAQUS) for low mass flow of tank decanting case 
example. 
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6.1.1 Low Mass Flow Rate Tank Decanting Case 
 
 
Figure 6-4 Temperature Profile across the liner for low mass flow rate of tank decanting case (FEM) 
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Figure 6-4 shows the temperature profile across the liner for low mass flow rate of tank decanting 
case solved by ABAQUS. The analytical solution plot is in Figure 5-1, which is on page 60. The 
time chosen in Figure 6-4 should be the same with the one in Figure 5-1 in case of better 
observation and comparison. 
In Figure 6-4, we can see the shape of the temperature profile for different time was the same 
with the one in Figure 5-1. The temperature started to fall with the process began. The 
temperature change was not uniform since heat needed time to penetrate. The whole body was 
losing heat during the decanting process. Therefore, the temperature near the internal face was the 
lowest and the temperature neat the outer surface was the highest for a certain time before the 
nozzle valve was closed. After closing the valve, the temperature inside the body stopped 
deceasing. Due to the data collection, the temperature began to rise and the outer surface 
temperature increased later than the internal surface due to the lagging effect. 
The output data comparison is shown in Table 6-1 and Table 6-2. 
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Table 6-1 The temperature solution comparison between numerical solution and analytical solution for low mass flow rate of tank decanting case (1) 
HLrc30 
NUM ANLY off NUM ANLY off NUM ANLY off 
t=1000 t=2000 t=5000 
𝑥 𝐿⁄ = 0.0 271.24 271.24 0.0% 268.60 268.60 0.0% 259.97 259.97 0.0% 
𝑥 𝐿⁄ = 0.1 271.87 270.68 0.4% 269.75 268.54 0.4% 262.09 260.90 0.5% 
𝑥 𝐿⁄ = 0.2 272.29 271.69 0.2% 270.64 270.01 0.2% 263.90 263.25 0.2% 
𝑥 𝐿⁄ = 0.3 272.57 272.16 0.1% 271.31 270.87 0.2% 265.43 264.97 0.2% 
𝑥 𝐿⁄ = 0.4 272.74 272.45 0.1% 271.81 271.49 0.1% 266.71 266.36 0.1% 
𝑥 𝐿⁄ = 0.5 272.85 272.61 0.1% 272.17 271.91 0.1% 267.74 267.45 0.1% 
𝑥 𝐿⁄ = 0.6 272.91 272.72 0.1% 272.42 272.22 0.1% 268.56 268.33 0.1% 
𝑥 𝐿⁄ = 0.7 272.95 272.77 0.1% 272.59 272.42 0.1% 269.18 268.97 0.1% 
𝑥 𝐿⁄ = 0.8 272.97 272.80 0.1% 272.71 272.54 0.1% 269.61 269.42 0.1% 
𝑥 𝐿⁄ = 0.9 272.98 272.82 0.1% 272.77 272.63 0.1% 269.86 269.70 0.1% 
𝑥 𝐿⁄ = 1.0 272.98 272.81 0.1% 272.79 272.63 0.1% 269.95 269.77 0.1% 
 
79 
 
 
 
 
Table 6-2 The temperature solution comparison between numerical solution and analytical solution for low mass flow rate of tank decanting case (2) 
HLrc30 
NUM ANLY off NUM ANLY off NUM ANLY off NUM ANLY off 
t=10000 t=20000 t=34500 t=43750 
𝑥 𝐿⁄ = 0.0 246.80 246.80 0.0% 229.42 229.42 0.0% 219.08 219.08 0.0% 230.98 230.98 0.0% 
𝑥 𝐿⁄ = 0.1 249.35 248.21 0.5% 231.16 230.14 0.4% 219.66 218.74 0.4% 228.69 227.90 0.3% 
𝑥 𝐿⁄ = 0.2 251.62 250.99 0.3% 232.74 232.18 0.2% 220.21 219.73 0.2% 226.76 226.45 0.1% 
𝑥 𝐿⁄ = 0.3 253.62 253.14 0.2% 234.17 233.74 0.2% 220.70 220.35 0.2% 225.18 224.96 0.1% 
𝑥 𝐿⁄ = 0.4 255.34 254.97 0.1% 235.42 235.07 0.2% 221.15 220.87 0.1% 223.90 223.73 0.1% 
𝑥 𝐿⁄ = 0.5 256.80 256.47 0.1% 236.50 236.17 0.1% 221.54 221.28 0.1% 222.90 222.72 0.1% 
𝑥 𝐿⁄ = 0.6 257.99 257.70 0.1% 237.39 237.09 0.1% 221.86 221.63 0.1% 222.13 221.95 0.1% 
𝑥 𝐿⁄ = 0.7 258.91 258.64 0.1% 238.09 237.80 0.1% 222.12 221.90 0.1% 221.58 221.38 0.1% 
𝑥 𝐿⁄ = 0.8 259.56 259.31 0.1% 238.59 238.30 0.1% 222.30 222.09 0.1% 221.20 220.99 0.1% 
𝑥 𝐿⁄ = 0.9 259.96 259.72 0.1% 238.89 238.62 0.1% 222.41 222.21 0.1% 220.98 220.77 0.1% 
𝑥 𝐿⁄ = 1.0 260.09 259.84 0.1% 238.99 238.71 0.1% 222.45 222.23 0.1% 220.91 220.68 0.1% 
 
* NUM – numerical solution 
* ANLY – analytical solution  
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From the comparison in Table-2 and Table-3, we can see the final solutions are not exactly the 
same. However, we have made the transform from cylindrical coordinate to Cartesian coordinate 
for thermal problem which will make at most 1% off to the solution with tolerance no less than 
0.01. (See Section 3.3.1) Therefore, the solution difference is acceptable. 
The calculation for the percentage difference between two solutions is based on 
Δ =
|𝑁𝑈𝑀 − 𝐴𝑁𝐿𝑌|
𝐴𝑁𝐿𝑌
× 100% 
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6.1.2 High Mass Flow Rate Tank Decanting Case 
 
 
Figure 6-5 Temperature Profile across the liner for high mass flow rate of tank decanting case. (FEM) 
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Figure 6-5 shows the temperature profile across the liner for high mass flow rate of tank 
decanting case solved by ABAQUS. The analytical solution plot is in Figure 5-3, which is on 
page 63. The time chosen in Figure 6-5 should be the same with the one in Figure 5-3 in case of 
better observation and comparison. 
In Figure 6-5, we can see that the temperature at x=297310 changed much faster than the 
temperature at x=L. In lower mass flow rate case, although this behavior existed as well, in 
quantity the temperature changing rate at x=0 was not as large as the large mass flow rate case. 
The reason of the phenomena is the same with the analytical solution discussion in 5.3. 
The output data comparison is shown in Table 6-3. The differences between those two solutions 
are within 1%. 
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Table 6-3 The temperature solution comparison between numerical solution and analytical solution for high mass flow rate of tank decanting case 
HLrc31 
NUM ANLY off NUM ANLY off NUM ANLY off NUM ANLY off NUM ANLY off 
t=1000 t=2000 t=5000 t=10000 t=20000 
𝑥 𝐿⁄ = 0.0 264.84 264.84 0.0% 253.60 253.60 0.0% 225.86 225.86 0.0% 225.89 225.89 0.0% 237.86 237.86 0.0% 
𝑥 𝐿⁄ = 0.1 267.74 266.36 0.5% 258.59 257.17 0.5% 232.73 231.52 0.5% 227.48 226.56 0.4% 236.93 235.99 0.4% 
𝑥 𝐿⁄ = 0.2 269.71 268.97 0.3% 262.47 261.64 0.3% 238.80 238.04 0.3% 229.14 228.64 0.2% 236.11 235.65 0.2% 
𝑥 𝐿⁄ = 0.3 270.99 270.54 0.2% 265.42 264.87 0.2% 244.06 243.49 0.2% 230.78 230.38 0.2% 235.41 235.09 0.1% 
𝑥 𝐿⁄ = 0.4 271.80 271.52 0.1% 267.63 267.25 0.1% 248.55 248.10 0.2% 232.35 231.98 0.2% 234.82 234.57 0.1% 
𝑥 𝐿⁄ = 0.5 272.30 272.09 0.1% 269.24 268.98 0.1% 252.27 251.91 0.1% 233.78 233.42 0.2% 234.33 234.11 0.1% 
𝑥 𝐿⁄ = 0.6 272.60 272.44 0.1% 270.38 270.21 0.1% 255.26 254.97 0.1% 235.03 234.67 0.2% 233.94 233.74 0.1% 
𝑥 𝐿⁄ = 0.7 272.78 272.63 0.1% 271.17 271.04 0.0% 257.54 257.31 0.1% 236.04 235.67 0.2% 233.64 233.44 0.1% 
𝑥 𝐿⁄ = 0.8 272.87 272.74 0.0% 271.67 271.59 0.0% 259.16 258.97 0.1% 236.79 236.42 0.2% 233.43 233.25 0.1% 
𝑥 𝐿⁄ = 0.9 272.92 272.77 0.1% 271.95 271.88 0.0% 260.11 259.94 0.1% 237.25 236.87 0.2% 233.30 233.11 0.1% 
𝑥 𝐿⁄ = 1.0 272.93 272.80 0.0% 272.04 271.99 0.0% 260.43 260.28 0.1% 237.41 237.04 0.2% 233.26 233.09 0.1% 
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6.1.3 High Mass Flow Rate Tank Filling Case 
 
 
Figure 6-6 Temperature Profile across the liner for the high mass flow rate of tank filling case. (FEM) 
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Figure 6-6 shows the temperature profile across the liner for high mass flow rate of tank filling 
case solved by ABAQUS. The analytical solution plot is in Figure 5-7, which is on page 69. The 
time chosen in Figure 6-6 should be the same with the one in Figure 5-14 in case of better 
observation and comparison. 
The behavior for the temperature change was similar for the high mass flow rate tank decanting 
case. The temperature response at x=L was slow comparing with the one at x=0 due to the entire 
process happened so fast and it didn’t provide enough time to transfer heat. 
The output data comparison is shown in Table 6-4. The differences between those two solutions 
are within 1%. 
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Table 6-4 The temperature solution comparison between numerical solution and analytical solution for high mass flow rate of tank filling case 
HLrc40 
NUM ANLY off NUM ANLY off NUM ANLY off NUM ANLY off NUM ANLY off 
t=1000 t=2000 t=5000 t=10000 t=20000 
𝑥 𝐿⁄ = 0.0 227.73 227.73 0.0% 246.34 246.34 0.0% 293.68 293.68 0.0% 328.29 328.29 0.0% 313.44 313.44 0.0% 
𝑥 𝐿⁄ = 0.1 221.32 221.19 0.1% 237.37 237.11 0.1% 281.05 280.50 0.2% 321.62 320.39 0.4% 314.33 313.01 0.4% 
𝑥 𝐿⁄ = 0.2 216.85 217.16 0.1% 230.19 230.47 0.1% 270.11 270.18 0.0% 315.11 314.67 0.1% 315.04 314.39 0.2% 
𝑥 𝐿⁄ = 0.3 213.85 214.20 0.2% 224.56 224.93 0.2% 260.73 260.94 0.1% 308.95 308.82 0.0% 315.58 315.18 0.1% 
𝑥 𝐿⁄ = 0.4 211.91 212.30 0.2% 220.25 220.65 0.2% 252.84 253.10 0.1% 303.27 303.34 0.0% 315.99 315.73 0.1% 
𝑥 𝐿⁄ = 0.5 210.71 211.13 0.2% 217.02 217.42 0.2% 246.33 246.60 0.1% 298.23 298.42 0.1% 316.30 316.11 0.1% 
𝑥 𝐿⁄ = 0.6 209.98 210.47 0.2% 214.68 215.08 0.2% 241.13 241.40 0.1% 293.94 294.24 0.1% 316.51 316.40 0.0% 
𝑥 𝐿⁄ = 0.7 209.56 210.10 0.3% 213.05 213.43 0.2% 237.16 237.41 0.1% 290.50 290.86 0.1% 316.65 316.58 0.0% 
𝑥 𝐿⁄ = 0.8 209.32 209.93 0.3% 211.98 212.37 0.2% 234.36 234.62 0.1% 287.99 288.40 0.1% 316.75 316.72 0.0% 
𝑥 𝐿⁄ = 0.9 209.20 209.83 0.3% 211.38 211.76 0.2% 232.70 232.94 0.1% 286.46 286.88 0.1% 316.80 316.77 0.0% 
𝑥 𝐿⁄ = 1.0 209.17 209.82 0.3% 211.19 211.58 0.2% 232.15 232.41 0.1% 285.95 286.40 0.2% 316.81 316.81 0.0% 
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6.1.4 Low Mass Flow Rate Tank Filling Case 
 
 
Figure 6-7 Temperature Profile across the liner for the low mass flow rate of tank filling case. (FEM) 
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Figure 6-7 shows the temperature profile across the liner for high mass flow rate of tank filling 
case solved by ABAQUS. The analytical solution plot is in Figure 5-5, which is on page 66. The 
time chosen in Figure 6-7 should be the same with the one in Figure 5-5 in case of better 
observation and comparison. 
The temperature inside the liner rose from the very low temperature. Since the mass flow rate was 
slow, the temperature increased slowly as well. In consequence, there would be enough time for 
the heat to be transferred to the other side of the liner. That was the reason why the temperature 
profile tended to be more flat, similar with the decanting case in Figure 6-4. 
The output data comparison is shown in Table 6-5 and Table 6-6. The differences between those 
two solutions are within 1%. 
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Table 6-5 The temperature solution comparison between numerical solution and analytical solution for low mass flow rate of tank filling case (1) 
HLrc40 
NUM ANLY off NUM ANLY off NUM ANLY off 
t=1000 t=2000 t=5000 
𝑥 𝐿⁄ = 0.0 212.668 212.668 0.0% 217.505 217.505 0.0% 227.994 227.994 0.0% 
𝑥 𝐿⁄ = 0.1 211.221 210.7085 0.2% 215.358 214.772 0.3% 225.225 224.495 0.3% 
𝑥 𝐿⁄ = 0.2 210.287 210.3177 0.0% 213.658 213.6282 0.0% 222.799 222.6086 0.1% 
𝑥 𝐿⁄ = 0.3 209.717 209.9321 0.1% 212.346 212.5006 0.1% 220.704 220.6817 0.0% 
𝑥 𝐿⁄ = 0.4 209.385 209.7481 0.2% 211.359 211.6422 0.1% 218.926 219.0159 0.0% 
𝑥 𝐿⁄ = 0.5 209.201 209.6679 0.2% 210.636 210.9943 0.2% 217.452 217.5978 0.1% 
𝑥 𝐿⁄ = 0.6 209.102 209.6723 0.3% 210.122 210.5555 0.2% 216.268 216.4698 0.1% 
𝑥 𝐿⁄ = 0.7 209.051 209.6876 0.3% 209.771 210.249 0.2% 215.361 215.5891 0.1% 
𝑥 𝐿⁄ = 0.8 209.025 209.7101 0.3% 209.547 210.059 0.2% 214.721 214.9689 0.1% 
𝑥 𝐿⁄ = 0.9 209.014 209.7365 0.3% 209.422 209.9663 0.3% 214.34 214.6104 0.1% 
𝑥 𝐿⁄ = 1.0 209.011 209.7283 0.3% 209.383 209.9195 0.3% 214.214 214.4729 0.1% 
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Table 6-6 The temperature solution comparison between numerical solution and analytical solution for low mass flow rate of tank filling case (2) 
HLrc40 
NUM ANLY off NUM ANLY off NUM ANLY off NUM ANLY off 
t=10000 t=20000 t=34500 t=43750 
𝑥 𝐿⁄ = 0.0 241.456 241.456 0.0% 262.971 262.971 0.0% 293.179 293.179 0.0% 291.753 291.753 0.0% 
𝑥 𝐿⁄ = 0.1 238.656 237.8142 0.4% 260.634 259.6688 0.4% 290.79 289.7072 0.4% 292.222 290.9853 0.4% 
𝑥 𝐿⁄ = 0.2 236.142 235.8416 0.1% 258.532 258.1386 0.2% 288.661 288.2072 0.2% 292.571 291.9605 0.2% 
𝑥 𝐿⁄ = 0.3 233.918 233.775 0.1% 256.669 256.4361 0.1% 286.789 286.5066 0.1% 292.823 292.4109 0.1% 
𝑥 𝐿⁄ = 0.4 231.987 231.9444 0.0% 255.047 254.9149 0.1% 285.172 284.9942 0.1% 292.996 292.7143 0.1% 
𝑥 𝐿⁄ = 0.5 230.35 230.3522 0.0% 253.67 253.5782 0.0% 283.808 283.6682 0.0% 293.109 292.8881 0.1% 
𝑥 𝐿⁄ = 0.6 229.01 229.0595 0.0% 252.54 252.4934 0.0% 282.693 282.5995 0.0% 293.179 293.0213 0.1% 
𝑥 𝐿⁄ = 0.7 227.967 228.0347 0.0% 251.659 251.6273 0.0% 281.828 281.7472 0.0% 293.218 293.0881 0.0% 
𝑥 𝐿⁄ = 0.8 227.221 227.3033 0.0% 251.028 251.0086 0.0% 281.211 281.1404 0.0% 293.238 293.1291 0.0% 
𝑥 𝐿⁄ = 0.9 226.774 226.8754 0.0% 250.649 250.649 0.0% 280.841 280.7901 0.0% 293.246 293.164 0.0% 
𝑥 𝐿⁄ = 1.0 226.624 226.7131 0.0% 250.523 250.5076 0.0% 280.718 280.6495 0.0% 293.249 293.1513 0.0% 
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6.2 Stress Solution Checking 
 
The simulation procedure setting for the numerical stress solution is “General Static”. We used 
static analysis due to the fact that the whole process could be very slow, even for the high mass 
flow rate case. Therefore, we can treat each process as quasi-steady state and use static analysis 
for the stress solution.  
For each process, the pressure history was set into the input data as known information. The 
mechanical calculation was based on the pressure load information. 
The temperature change information we used was from the results of temperature calculation in 
Chapter 5. We can also use the numerical solutions in Section 6.1 as they were not very different 
from the analytical solutions. However, we need to take the average the temperature across the 
liner to obtain a single value of temperature for each time step. With that, we can calculate the 
average hoop stress and axial stress for each time step. This is a rough calculation comparing with 
temperature solution. However, we can use the solution to give almost the same final conclusion 
in tank security. The model in the FEM analysis is shown in Figure 6-8. 
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Figure 6-8 The quarter of a tank in thermo-elastic analysis by FEM analysis (ABAQUS). The whole system 
contains many symmetric elements. Therefore, we only need a quarter of a tank to accomplish the analysis. 
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Comparing with temperature solution case, the domain was meshed in a more complicated way in 
thermo-elastic analysis. Since the stress can be different for different node selected, we decide to 
use two nodes, one is at the center of the closed end of the tank (NODE #3112) and one is at the 
center of the cylinder body (NODE # 1722), as shown in Figure 6-9. We do this selection because 
the stress along the cylinder body is the same while the stress at close end varies radially. For 
decanting process, the stress at the center of the close end reaches to its smallest value comparing 
with other grid points on close end. For filling process, the stress at the center of the close end 
reaches to its largest value comparing with other grid points on close end. The results will be 
shown in the current section. The decanting process result is shown in Figure 6-10 as an example 
and we can see the stress decreases slowing from the cylinder body to the center of the close ends. 
 
 
Figure 6-9 The meshed tank in ABAQUS. The domain was meshed in the way that the seeds were planted every 
0.05 units along the inner edge of the quarter tank. The irregular mesh at spherical part was generated 
automatically by ABAQUS. 
NODE # 1722 
NODE # 3112 
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Figure 6-10 The thermo-elastic simulation by FEM software (ABAQUS) for low mass flow of tank decanting 
case example. The stress shown in the figure is general 2-D von Mises stress for the structure at the ending time. 
The stress is not uniformly identical along the axial direction, which is not the same with our assumption. This 
could be the reason that causes the difference between the numerical solution and analytical solution. 
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6.2.1 Low Mass Flow Rate Tank Decanting Case 
 
Figure 6-11 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the lower mass flow rate tank decanting case. NODE # 1722(FEM solution) 
 
Figure 6-12 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the lower mass flow rate tank decanting case. NODE # 3112(FEM solution) 
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Figure 6-11 shows the comparison of the thermo-elastic stress of NODE # 1772 in hoop direction, 
axial direction and von Mises stress for the lower mass flow rate tank decanting case calculated 
by ABAQUS FEM analysis in General Static mode. This figure should be compared with the 
analytical hoop stress history of low mass flow rate of tank decanting case, whose plot is shown 
in Figure 5-2 on page 61. The plot in Figure 6-11 has the same shape with the analytical solution 
with at most 25% error in quantity based on Table 6-7. 
The highest von Mises stress is still much less than the smallest allowance stress for HDPE 
according Krishnaswamy [16].  
Figure 6-12 shows the comparison of the thermo-elastic stress of NODE # 3112 in hoop direction, 
axial direction and von Mises stress for the lower mass flow rate tank decanting case calculated 
by ABAQUS FEM analysis in General Static mode.  In this figure, we can see the three plots are 
superposition. This is because at the center of the close ends, the quantities of the axial stress and 
hoop stress are the same.  
From Figure 6-11 and Figure 6-12, we can see the largest stress for NODE # 1772 is about 5 MPa 
larger than NODE # 3112, when the system was at early time. 
The selected data comparison between numerical solution and analytical solution is in Table 6-7. 
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Table 6-7 The thermal-elastic stress solution in hoop direction and axial direction comparison between 
numerical solution and analytical solution for low mass flow rate of tank decanting case 
t(sec) 
NUM ANLY 
off t(sec) 
NUM ANLY 
off 
hoop stress (Pa) axial stress (Pa) 
1000 1.42E+07 1.11E+07 22% 1000 1.03E+07 7.57E+06 27% 
4000 1.03E+07 8.02E+06 22% 4000 7.68E+06 5.67E+06 26% 
8000 7.93E+06 6.49E+06 18% 8000 6.37E+06 5.09E+06 20% 
10000 7.50E+06 6.37E+06 15% 10000 6.27E+06 5.28E+06 16% 
12000 7.39E+06 6.52E+06 12% 12000 6.40E+06 5.64E+06 12% 
13500 7.44E+06 6.73E+06 9% 13500 6.59E+06 5.98E+06 9% 
15000 7.57E+06 7.01E+06 7% 15000 6.82E+06 6.35E+06 7% 
17500 7.88E+06 7.52E+06 5% 17500 7.26E+06 6.98E+06 4% 
20000 8.24E+06 8.05E+06 2% 20000 7.71E+06 7.58E+06 2% 
23000 8.68E+06 8.64E+06 0% 23000 8.21E+06 8.24E+06 0% 
25000 8.94E+06 8.98E+06 1% 25000 8.51E+06 8.62E+06 1% 
30000 9.44E+06 9.67E+06 2% 30000 9.09E+06 9.36E+06 3% 
32500 9.60E+06 9.90E+06 3% 32500 9.28E+06 9.63E+06 4% 
40000 9.37E+06 9.94E+06 6% 40000 9.23E+06 9.83E+06 7% 
45000 7.91E+06 8.75E+06 11% 45000 7.81E+06 8.68E+06 11% 
50000 6.20E+06 6.86E+06 11% 50000 6.10E+06 6.78E+06 11% 
 
*NUM – numerical solution 
*ANLY – analytical solution 
The percentage off is calculation by the 
∆=
|𝑁𝑈𝑀 − 𝐴𝑁𝐿𝑌|
|𝑁𝑈𝑀|
× 100% 
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6.2.2 High Mass Flow Rate Tank Decanting Case 
 
Figure 6-13 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the higher mass flow rate tank decanting case. NODE # 1722 (FEM solution) 
 
Figure 6-14 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the higher mass flow rate tank decanting case. NODE # 3112 (FEM solution) 
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Figure 6-13 shows the comparison of the thermo-elastic stress of NODE # 1772 in hoop direction, 
axial direction and von Mises stress for the higher mass flow rate tank decanting case calculated 
by ABAQUS FEM analysis in General Static mode. This figure should be compared with the 
analytical stress histories of high mass flow rate of tank decanting case, whose plots are shown in 
Figure 5-4 on page 64. The plot in Figure 6-13 has the same tendency with the plots in Figure 5-4. 
The quantities didn’t match quite well especially at early time comparing with temperature 
solution, but the solution is still with 85% matched according to Table 6-8. 
The quantity deviation existed when we compared those two sets of solutions and plots while the 
magnitude was still within the security range according to the reference discussed in the section 
6.2.1. 
Figure 6-14 shows the comparison of the thermo-elastic stress of NODE # 3112 in hoop direction, 
axial direction and von Mises stress for the higher mass flow rate tank decanting case calculated 
by ABAQUS FEM analysis in General Static mode. The superposition behavior of the stresses in 
Figure 6-14 can be explained as the comment of Figure 6-12. 
From Figure 6-13 and Figure 6-14, we can see the largest stress for NODE # 1772 is about 5 MPa 
larger than NODE # 3112, when the system was at early time. 
The selected data comparison between numerical solution and analytical solution is in Table 6-8. 
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Table 6-8 The thermal-elastic stress solution in hoop direction and axial direction comparison between 
numerical solution and analytical solution for high mass flow rate of tank decanting case 
t(sec) 
NUM ANLY 
off t(sec) 
NUM ANLY 
off 
hoop stress (Pa) axial stress (Pa) 
1000 6.25E+06 6.96E+06 11% 1000 4.63E+06 4.78E+06 3% 
4000 4.26E+06 3.66E+06 14% 4000 4.01E+06 3.33E+06 17% 
8000 7.16E+06 7.41E+06 4% 8000 6.88E+06 7.05E+06 2% 
10000 7.84E+06 8.40E+06 7% 10000 7.52E+06 7.98E+06 6% 
12000 8.16E+06 8.91E+06 9% 12000 7.80E+06 8.45E+06 8% 
13500 8.24E+06 9.08E+06 10% 13500 7.86E+06 8.59E+06 9% 
15000 8.22E+06 9.12E+06 11% 15000 7.83E+06 8.61E+06 10% 
17500 8.06E+06 9.01E+06 12% 17500 7.64E+06 8.47E+06 11% 
20000 7.79E+06 8.76E+06 12% 20000 7.36E+06 8.19E+06 11% 
 
101 
 
 
 
6.2.3 Low Mass Flow Rate Tank Filling Case 
 
Figure 6-15 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the lower mass flow rate tank filling case. NODE # 1722 (FEM solution) 
 
Figure 6-16 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the lower mass flow rate tank filling case. NODE # 3112 (FEM solution) 
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Figure 6-15 shows the comparison of the thermo-elastic stress of NODE # 1772 in hoop direction, 
axial direction and von Mises stress for the lower mass flow rate tank filling case calculated by 
ABAQUS FEM analysis in General Static mode. This figure should be compared with the 
analytical stress history of low mass flow rate of tank filling case, whose plot is shown in Figure 
5-6, on page 67. Although the numerical solution and the analytical solution have the same 
tendency and the magnitude is similar, the sign for each solution is not always the same. The 
numerical solution shows that the hoop stress was positive at early time. Then it started to 
decrease until it became negative and kept decreasing. After it reached to its lowest point near 
22000 second, the hoop stress began to decrease while finally it became positive again. This 
behavior didn’t appear in analytical solution. In analytical solution, the hoop stress was always 
negative except it was positive at very early time.  
Figure 6-16 shows the comparison of the thermo-elastic stress of NODE # 3112 in hoop direction, 
axial direction and von Mises stress for the lower mass flow rate tank filling case calculated by 
ABAQUS FEM analysis in General Static mode.  We can see the largest value of the von Mises 
stress is higher than NODE # 1772 for less than 1 MPa. 
The selected data comparison between numerical solution and analytical solution is in Table 6-9. 
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Table 6-9 The thermal-elastic stress solution in hoop direction and axial direction comparison between 
numerical solution and analytical solution for low mass flow rate of tank filling case. 
t(sec) 
NUM ANLY 
off t(sec) 
NUM ANLY 
off 
hoop stress (Pa) axial stress (Pa) 
1000 2.78E+05 4.03E+05 45% 1000 1.84E+05 2.77E+05 51% 
4000 -4.94E+05 -1.90E+05 62% 4000 -6.82E+05 -4.44E+05 35% 
8000 -1.74E+06 -1.48E+06 15% 8000 -2.04E+06 -1.90E+06 7% 
10000 -2.35E+06 -2.14E+06 9% 10000 -2.72E+06 -2.64E+06 3% 
12000 -2.92E+06 -2.76E+06 5% 12000 -3.35E+06 -3.36E+06 0% 
13500 -3.32E+06 -3.20E+06 4% 13500 -3.80E+06 -3.86E+06 1% 
15000 -3.69E+06 -3.59E+06 3% 15000 -4.23E+06 -4.33E+06 2% 
17500 -4.22E+06 -4.16E+06 1% 17500 -4.86E+06 -5.04E+06 4% 
20000 -4.64E+06 -4.59E+06 1% 20000 -5.42E+06 -5.65E+06 4% 
25000 -5.10E+06 -4.98E+06 2% 25000 -6.22E+06 -6.51E+06 5% 
30000 -4.81E+06 -4.47E+06 7% 30000 -6.48E+06 -6.74E+06 4% 
32500 -4.26E+06 -3.72E+06 13% 32500 -6.34E+06 -6.53E+06 3% 
35000 -3.35E+06 -2.52E+06 25% 35000 -5.93E+06 -6.02E+06 1% 
40000 -3.74E+06 -3.16E+06 16% 40000 -6.52E+06 -6.92E+06 6% 
45000 -4.16E+06 -3.87E+06 7% 45000 -6.75E+06 -7.37E+06 9% 
50000 -3.96E+06 -3.76E+06 5% 50000 -6.39E+06 -7.06E+06 10% 
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6.2.4 High Mass Flow Rate Tank Filling Case 
 
Figure 6-17 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the higher mass flow rate tank filling case. NODE # 1722 (FEM solution) 
 
Figure 6-18 Comparison of the thermo-elastic stress of the liner in hoop direction, axial direction and von Mises 
stress for the higher mass flow rate tank filling case. NODE # 3112 (FEM solution) 
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Figure 6-17 shows the comparison of the thermo-elastic stress of NODE # 1772 in hoop direction, 
axial direction and von Mises stress for the higher mass flow rate tank filling case calculated by 
ABAQUS FEM analysis in General Static mode. This figure should be compared with the 
analytical hoop stress history of high mass flow rate of tank filling case, whose plot is shown in 
Figure 5-8, on page 70. We can see from those two plots that not only the tendency is closed, but 
also the quantities are similar as well. The number deviation is within 10%. 
Figure 6-18 shows the comparison of the thermo-elastic stress of NODE # 3112 in hoop direction, 
axial direction and von Mises stress for the higher mass flow rate tank filling case calculated by 
ABAQUS FEM analysis in General Static mode. We can see the largest value of the von Mises 
stress is higher than NODE # 1772 for about 3 MPa. But the quantity is still within the security 
range for HDPE according Krishnaswamy [16].  
The selected data comparison between numerical solution and analytical solution is in Table 6-10. 
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Table 6-10 The thermal-elastic stress solution in hoop direction and axial direction comparison between 
numerical solution and analytical solution for high mass flow rate of tank filling case 
t(sec) 
NUM ANLY 
off t(sec) 
NUM ANLY 
off 
hoop stress (Pa) axial stress (Pa) 
1000 -1.08E+05 7.13E+05 763% 1000 -3.37E+05 4.05E+05 220% 
4000 -2.04E+06 -2.77E+05 86% 4000 -3.08E+06 -1.68E+06 45% 
8000 -3.22E+06 -1.10E+06 66% 8000 -6.04E+06 -4.91E+06 19% 
10000 -5.95E+06 -4.75E+06 20% 10000 -8.59E+06 -8.32E+06 3% 
12000 -7.70E+06 -7.11E+06 8% 12000 -1.02E+07 -1.05E+07 3% 
13500 -8.54E+06 -8.29E+06 3% 13500 -1.10E+07 -1.16E+07 6% 
15000 -9.08E+06 -9.08E+06 0% 15000 -1.14E+07 -1.23E+07 7% 
17500 -9.51E+06 -9.79E+06 3% 17500 -1.17E+07 -1.28E+07 9% 
20000 -9.55E+06 -9.99E+06 5% 20000 -1.17E+07 -1.29E+07 10% 
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CHAPTER 07  Conclusion and Future Work 
 
 
7.1 Conclusion 
 
 
The analytical solution for temperature profile across the tank liner is derived. The comparison 
between the analytical solution and the FEM solution is made. The difference between those two 
solutions is acceptable, especially before the nozzle valve was closed. The difference is about 
0.4%. For low mass flow rate case, the matching between analytical solution and numerical 
solution works better than high mass flow rate case, no matter for tank decanting process or tank 
filling process. Nevertheless, the difference between analytical solution and numerical solution of 
high mass flow rate is still within 1%. 
For thermo-elastic stress analysis, the tendency of the two solutions is the same though different 
in magnitude. The maximum difference can be as large as 20% or as small as 0.1%. The early 
time data didn’t match quite well for all the cases while the later time could behave much better. 
For the same process, lower mass flow rate could have a better fit than the higher mass flow rate 
case. The important result of this work is that the maximum stress is still within the allowance 
stress of HDPE [16]. The error between analytical solution and numerical solution is not 
completely understood but might include: 
1. Early time increment lagging performance of numerical solution. The initial setting for 
stress analysis is problematic. The difference between two solutions increases when the 
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gradient of the solution changes. This is why the error became larger when the stresses 
stopped decreasing or stopped to decrease. In pressure load input, the initial pressure 
should be 70 MPa for decanting analysis or 2.5 MPa for filling analysis while in fact the 
initial pressure was always zeros both every case. It made the pressure load have a huge 
jump especially for decanting case. This huge jump caused a big solution gradient, which 
lead a large error at early time. 
2. Temperature influence on the structure. For overall calculation, the error exists as well. 
This might be because in ABAQUS the structure part also had a temperature change 
while in analytical solution we ignored the temperature influence in carbon epoxy fiber 
composite since its thermal diffusivity and thermal expansion coefficient are much 
smaller than HDPE’s. The model of stress analysis in ABAQUS is multi-layered shell 
analysis and the temperature influence cannot be separated, that is to say the temperature 
change in the structure layer is enforced to be the same with the liner, which is obviously 
problematic. Since our final calculation for stress analysis is a matrix calculation, the 
calculation can be very sensitive, which a small change in the matrix element can cause a 
big difference in the result. Therefore, the temperature influence should be considered as 
well.   
3. Stress model. The present work only covered a very simplified stress model which didn’t 
involve any stress variation along axial direction or stress distribution along hoop 
direction.  
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7.2 Future Work 
 
 
Although our present work develops an analytical solution for both temperature and thermo-
elastic stress, there is work that could be done in the future. 
1. Better stress model. In order to lessen the difference between the simplified stress model and 
the FEM stress model, a better analytical stress model is needed. This might involve thick 
wall theory, three dimensional elasticity in cylindrical coordinate, interface interaction 
(displacement, friction, compression…), etc.  
2. Condensation included. We know that if the gas temperature drops below condensation 
temperature, the gas can experience a phase change. The liquefaction can occur during 
decanting process if we don’t close the valve when the gas temperature reaches the 
condensation point for the experimental gas. This condensation behavior will certainly 
complicate the problem since liquefied gas has different properties, especially for thermal 
properties. The coefficient of heat transfer of a boiling fluid can be as large as 200000 
W/m2K while the gaseous coefficient for the same material might be only 20 W/m2K.  
3. Brittle-ductile transition. Liner material at different temperature will have different 
crystallinity. Under very low temperature, this behavior can involve brittle-ductile transition. 
A brittle material will propagate cracks inside, which causes the material’s allowance stress 
to be much lower than its ductile condition’s. The brittle-ductile transition of HDPE can be 
very low and we didn’t cover this topic in the present work due to our minimum temperature 
is still higher than the transition temperature. In the future, if we keep on decanting even 
when the temperature drops lower than the critical point of condensation of the experimental 
gas, brittle-ductile transition can occur.  
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Appendix 
 
 
MATLAB CODE  
Dr. Kevin Cole’s code for calculation of input data collection [27]. 
% function calltankemptyv8.m 
% Calling routine for computing tank-emptying history 
% involving adiabatic throttle (previous:  isentropic nozzle) 
% K. Cole 05 Jan 2016 
%  
% input values 
%   n   number of time steps 
%   tmax    final time (sec) 
%   P1gage      methane outlet gage pressure (Mpa) 
%   P1      methane outlet pressure absolute (MPa) 
%   mdot    methane outlet flow rate (kg/s) 
%   P20gage tank initial gage pressure (Mpa) 
%   P20     tank initial absolute pressure (MPa) 
%   T20     tank initial temp. (K) 
%   P2      tank pressure, absolute (MPa) 
%   Hin     inside heat transfer coeff. between gas and tank wall 
(W/m/m/K) 
%   Hout    outside heat trans. coeff between tank wall and ambient 
(W/m/m/K) 
%   fname   name of output data file 
%  
% output values 
%   T2(t)   temp. of methane in tank (K) 
%   P2(t)   absolute pressure in tank (MPa) 
%   P2out(t) gage pressure in tank (psi) 
%   Tw(t)   temp. of internal tank surface (K) 
%   T1(t)   methane outlet-pipe temp. downstream of valve (K) 
%   Qdot(t) heat flow rate to wall (W) 
%   mass(t) total mass leaving tank since start of process 
%   V(t)    velocity downstream of throttle 
%   t       time vector (sec) 
% 
% known constants 
%   k       wall thermal conductivity (W/m/K) 
%   L       wall thickness (m) 
%   alpha   wall thermal diffusivity (m^2/s) 
%   mcwall    mass*specific heat for wall (J/K) 
%   Aw      wall surfact area (m^2) 
%   Vtank   tank volume (m^3) 
% 
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%% 
114 
 
 
 
function out = 
calltankemptyv8(n,tmax,P1gage,mdotfx,P20gage,T20,Dia,Hin,Hout,fname) 
% open output file 
[fid,errmsg] = fopen(char(fname),'w'); 
% print out table column headings 
head = ' time          P2         T2    Twall     Qwall     mass'; 
fprintf(fid,'%s\n',[head]); 
% compute absolute pressure (MPa) from input psig values 
    P1 = P1gage + 0.10135; 
    P20 = P20gage + 0.10135; 
%   P1 = P1gage*0.0068947590 + 0.10135; 
%   P20 = P20gage*0.0068947590 + 0.10135; 
% compute results 
  
[t,P2,T2,Tw,mdot,mass,Qdot]  = 
tankemptyv8(n,tmax,P1,mdotfx,P20,T20,Dia,Hin,Hout); 
% print output results 
P2out = zeros(1,length(t)); 
for i = 1:length(t) 
% print out one row of  
% convert MPa absolute back to psig 
    if(P2(i) == 0) 
      P2out(i) = 0.; 
    else 
      P2out(i) = P2(i) - .10135; 
    end; 
       fprintf(fid,'%7.1f %12.4f  %8.3f %8.3f %8.3f %8.3f   
\n',[t(i),P2out(i),T2(i),Tw(i),Qdot(i),mass(i)]); 
end; 
% set tentative final value at last value in the time series 
       P2final = P2out(n); 
       T2final = T2(n); 
       massout = mass(1) - mass(n); 
       Twfinal = Tw(n); 
       time = t(n); 
       volout = massout*8314/16*288/101325*35.15; 
% Reset last value if tank wall reaches 200 K (-100F)  
   for i = 1:length(t) 
  if(Tw(i)<200) 
       P2final = P2out(i-1); 
       T2final = T2(i-1); 
       massout = mass(1) - mass(i-1); 
       time = t(i); 
       Twfinal = Tw(i-1); 
       volout = massout*8314/16*288/101325*35.15; 
       break % leave loop when stopping condition is found 
  end; 
  end; 
% Reset last value if methane reaches critical temperature 
   for i = 1:n 
  if(T2(i)<191) 
       P2final = P2out(i-1); 
       T2final = T2(i-1); 
       massout = mass(1) - mass(i-1); 
       time = t(i); 
       Twfinal = Tw(i-1); 
       volout = massout*8314/16*288/101325*35.15; 
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       break % leave loop when stopping condition is found 
  end; 
  end; 
% Reset last value to where the valve closes (pressure is too low) 
for i = 1:n 
  if(mdot(i) ==0) 
       P2final = P2out(i-1); 
       T2final = T2(i-1); 
       massout = mass(1) - mass(i-1); 
       time = t(i); 
       Twfinal = Tw(i-1); 
       volout = massout*8314/16*288/101325*35.15; 
       break % leave loop when stopping condition is found 
  end; 
  end;   
fclose(fid); % close output file 
 
function [t,P2,T2,Tw,mdot,mass,Qdot]  = 
tankemptyv8(n,tmax,Pmin,mdotfx,P20,T20,Dia,Hin,Hout) 
%  global P20 T20 param fit; 
% set array sizes 
    prop = zeros(1,8); 
    t = zeros(1,n); 
    mdot = zeros(1,n); 
    mass = zeros(1,n); 
%   V1 = zeros(1,n); 
       T1 = zeros(1,n); 
    T2 = zeros(1,n); 
    P2 = zeros(1,n); 
    Qdot = zeros(1,n); 
    Tw = zeros(1,n); 
    delt = tmax/n; 
       for i = 1:n 
              t(i) = i*delt; 
       end; 
% set known constants 
    k = 0.48;            % W/m/K 
%   rhoc = 2.1375E7;    % m^2/s 
       rhoc = 2.1375E6;    % m^2/s 
    L = 0.051;       % m 
    Aw = 130.81;         % m^2 
    Vtank = 34.;         % m^3 
%   mcwall = 14260000.;  % Joules/Kelvin 
    flag = 1;            % flag for valve is open 
    dflag = 0; 
    h2 = zeros(1,n); 
       count = 0; 
%       tshut =   b(7); 
       alpha = k/rhoc;      % m^2/s 
       mcwall = Aw*L*rhoc;  % Joules/Kelvin 
    flag = 1;            % flag for valve is open 
    Biot = Hout*L/k; 
       A1 = pi/4.*(Dia*0.0254)^2;   % cross-section area of one-inch 
pipe 
% 
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% find mass flux using refpropm value cstar 
      [h2(1),u20,rho20,a0,cstar] = 
refpropm('HUDA~','T',T20,'P',P20*1000,'methane'); 
% note conversion to kPa for subroutine 
%       [T1(1),P1,mdot(1)] = nozzle_refpropv2(A1,P20*1000,T20,P0*1000); 
%      P1 = P1/1000.;  % convert kPa to MPa 
    Qdot(1) = 0.0; 
    Q = 0.0; 
       mdot(1) = mdotfx; 
%       mdot(1) = cstar*A1*rho20*a0; 
    mass20 = rho20*Vtank; 
       mass(1) = mass20; 
    P2(1) = P20; 
    T2(1) = T20; 
    Tw(1) = T20; 
    h0sum = 0.; 
% start loop on time 
for i=2:n 
       delt = t(i) - t(i-1); 
% update value of enthalpy flowing out based on previous values 
%       delt = t(i) - t(i-1); 
       h0sum = h0sum + mdot(i-1)*h2(i-1)*delt;  %  enthalpy carried out 
by mass flow; mdot > 0 is flow OUT 
    Q = Q + Qdot(i-1)*(t(i) - t(i-1));               %  integrate to 
get heat flow, over whole time step 
       % update mass in tank based on previous mass flow 
       mass(i) = mass(i-1) - mdot(i-1)*delt; 
% energy balance for internal energy inside tank 
       u2 = (mass20*u20 - h0sum  - Q)/mass(i);   % note same mass used 
num. and denom. 
% find new density based on new mass 
    rho2 = mass(i)/Vtank;    %print out value while computing 
    if((rho2 < 0.)|(u2 < 0.))  
        iii = 1; end; 
% find new T2, P2 from  updated(density,u)    
%if (i>= 3) 
%[t(i) mdot(i) mdots mass(i) rho2 u2 flag ]  % debug output 
%end; 
[P2(i),T2(i),h2(i)] = refpropm('PTH','D', rho2,'U',u2,'methane'); 
       P2(i) = P2(i)/1000.;  % convert kPa to MPa 
% compute heat flow using UPDATED gas temp; Qdot < 0 for heat LEAVING 
wall.  Important!! 
    Qdot(i) = Hin*Aw*(T2(i) - Tw(i-1));  % units are Watts 
% update wall temperature-- require Qdot <0 for Tw to decrease by 
exposure to cold gas 
    Tw(i) = getwalltempX23v2(Qdot,i,t,mcwall,k,L,alpha,T20,Biot); 
% check P2 against minimum allowed pressure in tank isentropic value 
when tank pressure gets below 2*P_regulator 
    if((P2(i) < Pmin)&&(flag == 1))||((T2(i)< 190.6)&&(flag == 1)) 
        flag  = 0;   % close valve if tank pressure falls below minimum 
value or gas temp falls too low. 
    end; 
% 
% set mass flow for valve open or closed 
% check mdot against isentropic value 
    if((flag == 1)&&(T2(i)< 190.6))        
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%              deltap = P2(i) - Pmin;  % use pressure difference 
driving flow through regulator 
%              [h2dum,u2,rho2,a0,cstar]  = 
refpropm('HUDA~','T',T2(i),'P',deltap*1000,'methane'); 
              deltap = P2(i) - Pmin;  % use pressure difference driving 
flow through regulator 
              [h2dum,u2dum,rho2dum,a0,cstar]  = 
refpropm('HUDA~','T',T2(i),'P',deltap*1000,'methane'); 
              mdots = cstar*A1*rho2dum*a0; 
              if(mdots < mdotfx); flag = 0;   end;   
          % close valve if isentropic flow is below requested mass flow 
    end;     
% set mass flow for valve open or closed 
    if(flag == 1) 
        mdot(i) = mdotfx; 
        else 
        mdot(i) = 0.; 
    end; 
end;    % end of if-block for i 
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MATLAB code for calculation of temperature distribution and stresses 
% % % % % % % % % % % % % % % % % % % % % % % % % % %  
% coded by Zhe Liu 
% June, 2017 
% a         thermal expansion of HDPE 
% a2        thermal expansion of carbon epoxy composite 
% tl        [m] liner thickness 
% ts        [m] struc thickness 
% vl        possion ratio of the liner 
% vs        possion ratio of the structure 
% El        [MPa] Young's Modulus of the liner 
% Es        [MPa] Young's Modulus of the structure 
% r         [m] radius of the tank 
% % % % % % % % % % % % % % % % % % % % % % % % % %  
function []=caltns(t,Tw,P2,k,rhoc,a,tl,ts,vl,vs,El,Es,r,a2) 
T0 = Tw(1); 
n = length(t); 
alpha = k/rhoc; 
h = tl/10; 
x = h:h:tl; 
xd = x/tl; 
b = length(x); 
Ti = zeros(n,b); % initial part 
Tb = zeros(n,b); % boundary heating part 
Tm = zeros(n,b); 
rl = r+tl/2; 
rs = r+tl+ts/2; 
s1 = zeros(n,1); 
s2 = zeros(n,1); 
for M = 1:n 
    sum_i = 0; 
    for i = 1:M 
        sum_m = 0; 
        conv_b = 0; 
        for m = 1:1e8 
            beta = (2*m-1)*pi/2; 
            if i == 1 
            sum_m = sum_m + sin(beta*xd)/beta*(exp(-beta^2*alpha*(t(M)-
t(i))/tl^2)-exp(-beta^2*alpha*(t(M)-0)/tl^2)); 
            else 
            sum_m = sum_m + sin(beta*xd)/beta*(exp(-beta^2*alpha*(t(M)-
t(i))/tl^2)-exp(-beta^2*alpha*(t(M)-t(i-1))/tl^2)); 
            end 
            cv = norm(sum_m-conv_b); 
            if cv<1e-5, break 
            else 
                conv_b = sum_m; 
            end 
        end 
        sum_i = sum_i + 2*Tw(i)*sum_m; 
    end 
    in_m = 0; 
    for mm = 1 : 100 
        beta = (2*mm-1)*pi/2; 
        in_m = in_m + exp(-beta^2*alpha*t(M)/tl^2)*sin(beta*xd)/beta; 
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    end 
    Tb(M,:) = sum_i; 
    Ti(M,:) = 2*T0*in_m; 
    Tm(M,:) = Ti(M,:)+Tb(M,:) ; 
end 
T = Tm; 
[row,col] = size(T); 
dT = zeros(row,col); 
for j = 2:n 
    dT(j,:) = T(j,:)-T(1,:); 
end 
dT = dT(:,floor(length(x)/2)); 
for i = 1:n 
    A11 = -rs*r/Es/ts-rl*r/El/tl; 
    A12 = vs*r^2/2/Es/ts+rl*r*vl/2/El/tl; 
    A21 = vs*r/Es/ts+vl*r/El/tl; 
    A22 = -r^2/2/Es/ts/rs-r/2/El/tl; 
    B1 = vs*r^2/2/Es/ts*P2(i)-rs*r/Es/ts*P2(i)+a*dT(i)*rl-a2*dT(i)*rs; 
    B2 = vs*r/Es/ts*P2(i)-r^2/2/Es/ts/rs*P2(i)+a*dT(i)-a2*dT(i); 
    AA = [A11,A12;A21,A22]; 
    BB = [B1;B2]; 
    if det(AA)<10-4;break 
        fprintf('Singular Matrix') 
    else 
    PP = AA\BB; 
    end 
    P11(i) = PP(1); 
    P22(i) = PP(2); 
    sx = P11(i)*rl/tl; 
    sy = P22(i)*rl/2/tl; 
    s1(i) = sx; 
    s2(i) = sy; 
end 
 
 
